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ASSESSING THE RESOURCE NEEDS OF ACCOUNTING
EDUCATORS
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Carol Cain, Winston-Salem State University, caincl@wssu.edu

ABSTRACT

The accounting profession and accounting degree programs are currently disrupted from multiple
dimensions: technological advances; declining enrollment; and staffing concerns in the profession and
academia. Minimal research has focused on the difficulties experienced by faculty. We seek to fill the gap
in academic research by examining the perceived resource needs of accounting educators teaching at higher
education institutions in North Carolina. Based on a mixed methods approach, survey and interview data
collection are underway. Statistical analysis and coding will be conducted. Implications for institutions and
accounting education will be discussed.
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Abstract

The purpose of this study is to analyze the Pubic Company Oversight Board (PCAOB) inspection
reports regarding unsatisfactorily remediated quality control deficiencies of triennial audits and to
identify links between quality control deficiencies and firm culture. These inspection reports signal
audit quality to the marketplace such that these firms have increased the client dismissal rate
(Daughtery et al. 2011), thus causing mixed results regarding the impact of these external
inspections on triennial audit firms. In our examination of Part II of the PCAOB inspection reports,
we find the nature and number of remediated quality control deficiencies varied by firm size. More
specifically, audit firms with less than ten audit personnel and audit firms with only one audit
partner had recurring quality control deficiencies and subsequently deregistered, or the firm's
registration was revoked. These small firms were unable to satisfactorily remediate quality control
deficiencies pertaining to independence, integrity and objectivity, engagement performance, and
monitoring, which may be due to their low number of audit personnel. We also provide insight
from the academic literature regarding the impact of these quality control deficiencies on audit
practice and discuss areas for future research.
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ABSTRACT

This case presents a transfer pricing example that is suitable for use in graduate courses offered in
Economics, Management, Accounting, or MBA programs. The case is also potentially suitable for
upper-level or honors undergraduate programs. The case assumes that students have had exposure
to elementary calculus.

While the case demonstrates the complex nuances of transfer pricing decisions, the broader purpose
of the case is to present transfer pricing as one example of the costs of decentralization in a multi-
divisional organization, in which managers are incentivized to maximize the profits of the individual
business units that they manage.

I INTRODUCTION

1.1 Transfer Pricing in a Decentralized Setting

A transfer price (TP) is the recorded price when a good or a service is offered from one business
unit to another within the same organization. On the surface, it would appear that the choice of
a price of transfer would be a non-economically relevant decision, given that the cost one business
unit pays is exactly the price that another unit within the same organization receives. Neverthe-
less, operationalizing the decision is actually very complex and nuanced for two reasons. The first
reason is that real economic wealth transfers can be extracted from higher taxing jurisdictions by
the firm and lower taxing jurisdictions by setting costs (revenues) higher (lower) in higher taxing
jurisdictions.

The second reason is the reason explored in this case. Both the real economic and the reported
profits of the individual business units are affected, often significantly by the TP choice, in turn,
also affecting the recorded performance and pay of the managers of the affected units. As this case
demonstrates, in a decentralized setting- one in which divisional managers control sourcing and
pricing decisions — optimal TP decisions made at the divisional level, lead to suboptimal sourcing
outcomes throughout the corporation, leading to sub-optimal profit outcomes. In summary, divi-
sional managers, incentivized to maximize divisional profits within their individual decision space,
acting rationally and independently, will make sourcing and TP decisions that, in aggregate, are
sub-optimal.

1.2 Core Concepts Addressed

Concepts covered in this case include agency costs, decentralization, performance management,
responsibility centers, and unintended conequences. Each of these concepts is summarized in Table
1.



Table 1

Decentralization is necessary in any organizaztion of reasonable size and geographical disper-
sion. It is operationally impractical for an omniscient, central principal to make and to execute
the assorted undulation of decisions that such an individual or committee would necessarily face.
Moreover, decentralization places decision making at the level, or location, where knowledge and
information are collocated Zimmerman (2017), pp. 133-5.

Agency Costs are behavioral costs of decentralization. In principal-agency theory (Fama and
Jensen (1983), Holmstrom (1989) and Zimmerman (2017)), organizations incur agency costs be-
cause the decision makers (agents), assuming self-interest, are incentivized to make decisions that
lead to sub-optimal, and sometimes even destructive, actions.

Performance Management is a commonly practiced control process for mitigating agency costs.
Performance management divides the organization into business units (Responsibility Centers),
designed to align agents’ interests with the organizational goals (goal congruence), generally profit
maximization. Responsibility centers apportion authority to make organizational decisions, mea-
sure individual business unit performance, and reward (punish) successful (unsuccessful) outcomes
Zimmerman (2017), pp.139-42. In order to realize pay increases, bonuses, promotions, or to avoid
negative consequences, manager/agents focus more on achieving success within their areas of re-
sponsibility, and less on abusing decision authority (agency costs).

Unintended Consequences occur when measured responsibility center performance fails to ac-
curately reflect real, underlying economic outcomes. In essence, managers adhere to measured,
sanctioned signals, even when such signals deviate from economically optimal corporate outcomes.

II TRANSFER PRICING CASE - SUNSHINE OIL

Case assumptions are presented in Table 2.

Table 2

(1) The Seller faces a downward sloping demand curve for the final product. Thus Quantity
demanded, @) is a decreasing function of price, p.

(2) Managers of each division know the price and cost functions of both divisions. In a multi-
period setting in which cost and pricing structures are stable, rational managers would be able to
infer the price/cost functions.

‘ (3) Managers are rational and incentived to maximize divisional profits.

(4) The price of transferring the intermediate product (transfer price, Pr) is determined by the
buyer and seller through negotiation and is thus influenced by market forces.




2.1 Sunshine Oil Transfer Pricing Case

Sunshine Oil Company operates two divisions: Exploration (E) and Refining (R). Exploration sells
unrefined oil (intermediate Good) to Refining. Refining refines the oil and sells the refined oil
(finished good) in the external market. The demand function for refined oil is given in equation

(1).
p(Q) =200 - 2@ (1)

The revenue and cost functions faced by Exploration and Refining, respectively, are given in equa-
tions (2) and (3).

TCp = 20Q + 3000 (2)
TCr = 20Q + PrQ + 4000 (3)

TCg and TCR are the total costs faced by Exploration and Refining, respectively, $20 is the variable
cost per barrel of oil, Pr is the transfer price paid by Refining to Exploration, per barrel of unrefined
oil, @ is the Quantity of barrels demanded (in millions) and 3000 and 4000 are the fixed costs (in
$millions), respectively, of Exploration and Refining. The capacity of the firm is 300 million barrels
of oil.

2.2 Scenario 1

In this scenario there is no market for the intermediate good. That is, Exploration
cannot sell any barrels of unrefined oil to the outside market. Any barrel sold by the
Exploration division must be sold to the Refining division for Pt per barrel.

2.2.1 Decentralized

Refining

The revenue for the Refining division equals P(Q)Q where P(Q) is given in equation (1). Thus
revenue for the Refining division is (2()0 — % ) Q = 200Q — %QQ. Marginal revenue (revenue per
barrel) is the first derivative of the revenue with respect to @) and thus is 200 — %Q. Marginal cost
(cost per barrel) is the first derivative of the cost function (equation (3)) with respect to @ and thus
is 20 + Pr. Equating marginal revenue with marginal cost and solving for @), yields the division’s
profit-maximizing quantity in equation (4).

2
MR =200~ 5Q=MC=20+Pr
3
= Q=210-7Pr (4)

Next, substituting @ from equation (4) into equation (1), we can write the price charged by the
Refining division to the outside market, P, as a function of the transfer price they must pay to buy
the barrels of oil from the Exploration division, in equation (5).



1
P =200 - .Q

1 3
=200— = (270 - 2P
00 3(70 2T>

1
=200 — 90 + §PT

1
:>P:110+§PT (5)

We have now expressed the profit-maximizing quantity that the Refining division must buy from
Exploration (and sell to the outside market) as a function of the transfer price that they pay to
Exploration, Pr. We have also expresed the profit-maximzing price that Refining must charge to
the outside market as a function of the transfer price, Pr. Both equations (4) and (5) must hold
given our original assumption that each division desires to maximize their profit.

Exploration

Since there is no external market, Refining will only purchase QQ = 270— %PT units from Exploration
from equation (4). The revenue for the Exploration division is Pr@. From equation (4) we can solve
for Pr as a function of ) to derive Pr = 180 — %Q. The revenue for the Exploration division is thus
PrQ = (180 — %Q) Q = 180Q — %Q? Marginal revenue (revenue per barrel) is the first derivative
of the revenue with respect to (Q and thus is 180 — %Q. Marginal cost (cost per barrel) is the first
derivative of the cost function (equation (2)) with respect to @ and thus is 20. Equating marginal
revenue with marginal cost and solving for @, yields the division’s profit-maximizing quantity in
equation (6).

4
MR =180 — Q= MC = 20

— =] ®

Substituting @@ = 120 into equation (4) and solving for Pp gives us the the division’s profit-
maximizing transfer price of Pr = 180 — 2Q = 180 — 2120 = | $100.

Division Profits

Now that we know the transfer price, the price that Refining must charge to the outside market
to maximize their profit is given in equation (5) and thus is P = 110 + %100 = |$160|. The
profit-maximizing quantity sold to the outside market is given in equation (4) and thus is Q =
270 — %100 = . The Refining division’s profit, Ilg, is given in equation (7).

Iz = Total Revenue — Total Cost
= PQ — (20Q + PrQ + 4000)
= 160 * 120 — (20 * 120 + 100 * 120 + 4000)

_ (")

The Exploration division’s profit, IIg, is given in equation (8).



I = Total Revenue — Total Cost
= Pr@ — (20Q + 3000)
=100 * 120 — (20 120 + 3000)

= [$6, 600 (8)
Corporate profit is Il = IIg + I = $800 + $6, 600 = | $7, 400 |.

2.2.2 Centralized

Corporate

When centralized no internal transfer takes place. Exploration simply gives their unrefined oil
to Refining and then Refining refines it and sells it to the outside market. The corporate total
revenue is given by P(Q)Q = (200 — %Q) Q = 200Q — %Q? Coporate total cost is the sum of
each division’s total costs and thus is the sum of equations (2) and (3) but assuming Pr = 0,
(20Q + 3000) + (20Q + 4000) = 40Q + 7000. Marginal revenue is 200 — 2Q. Marginal cost is

40. Setting marginal revenue and marginal cost equal to each other and solving for @) gives the
profit-maximizing quantity in equation (9).

2
Marginal Revenue = 200 — gQ = Marginal Cost = 40
= |Q = 240 (9)
Substituting the profit-maximizing quantity into P = 200 — %Q, gives the profit-maximizing price,
P =200— %240 = . Finally, the corporate profit, Il¢, is computed in equation (10).

IIo = Total Revenue — Total Cost
= PQ — 40 — 7000
= 120 % 240 — 40 % 240 — 7000

— $12,200 (10)

Notice that decentralized Il is $7,400 while centralized I1¢ is $12,200.

2.3 Scenario 2

In this scenario there is a market for the intermediate good. That is, Exploration can
sell unrefined barrels of oil to the outside market. The price at which they must sell
is $40 and thus Exploration is a price taker. Remember, the capacity is 300.

2.3.1 Decentralized

Refining

The optimal price and quantity functions for Refining depend on the transfer price, as determined
already in equations (4) and (5) from Scenario 1.
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Exploration

The revenue for Exploration is PrQ+40(300—@Q), because an additional 300— ) million barrels of oil
can be sold on the intermediate market by Exploration. Solving equation (4) for Pr and substituting
into this revenue function gives revenue as a function of quantity demanded: (180 - %Q) Q+
12000 — 40Q) = 180Q) — %Qz = 140Q — %Qz + 12000. Marginal revenue (revenue per barrel) is the
first derivative of revenue with respect to @ and thus is 140 — %Q. The total cost for Exploration
is given in equation (2). Marginal cost, as computed already, is 20. Setting these two equal to each
other and solving for optimal @ yields Exploration’s profit-maximizing quantity in equation (11).

4
Marginal Revenue = 140 — gQ = Marginal Cost = 20
— (=] )

Substituting this optimal quantity into equation (4) and solving yields the transfer price: 90 =

270 — 3Pr = Pr =|$120]

Division Profits

First substitute the optimal transfer price into equation (5) to get the optimal price charge to
the outside market P = 110 + %120 = . Alternatively, we could have substituted the opti-
mal quantity into the original demand function from equation (1) and arrived at the same price.
Refining’s profit is then given in equation (12)
IIr = Total Revenue — Total Cost
= PQ — (PrQ + 20Q + 4000)
=170 % 90 — (120 * 90 + 20 * 90 + 4000)

SEED )

Exploration’s profit is given in equation (13). Keep in mind that the total quantity that Exploration
will sell is 300 since they sell 90 units to Refining and 300 — 90 = 210 units on the intermediate
market.

IIz = Total Revenue — Total Cost
= Pr@Q + 40(300 — @) — (20 % 300 + 3000)
= 120 % 90 4+ 40(300 — 90) — (20 * 300 + 3000)

—[$10, 200 (13)
Corporate profit is Il = IIg + IIg = —$1, 300 + $10, 200 = | $8, 900 |.

2.3.2 Centralized
Corporate
Remember that unrefined oil can now be sold on the intermediate market for $40 per barrel and

300— @ million barrels are sold on the intermediate market given that @ million barrels of refined oil
are sold on the refined oil market. Therefore the total revenue for the corporation, when centralized,
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is given as: P(Q)Q + 40(300 — Q) = (200 — 3Q) @ + 40(300 — Q) = —3Q” + 160Q + 12000. The
variable cost per barrel to produce refined oil is $40 (since Exploration has $20 variable cost and
Refining has $20 variable cost) while the variable cost per barrel to produce the 300 — @ unrefined
barrels of oil is only $20 (only Exploration’s variable cost). Therefore, the total cost for the
corporation, when centralized, is given as: 40Q) 4+20(300 — @) + 7000 = 20Q + 13000. The marginal
revenue (first derivative of the revenue function) is thus —%Q + 160 while marginal cost (first
derivative of the cost function) is 20. Equating the two and solving gives the profit-maximizing
quantiy in equation (14).

2
Marginal Revenue = —gQ + 160 = Marginal Cost = 20

—[@=m) m

Substituting the profit-maximizing quantity into P = 200 — %Q, gives the profit-maximizing price,
P =200— %210 =[$130|. Finally, the corporate profit, Il¢, is computed in equation (15).

Il = Total Revenue — Total Cost
= PQ +40(300 — @) — 20Q) — 13000
= 130 % 210 + 40 * (300 — 210) — 20 * 210 — 13000

—[$13,700 (15)

Notice that decentralized IT¢ is $8,900 while centralized I is $13,700.

2.4 Scenario 3

In this scenario there is a market for the intermediate good. That is, Exploration can
sell unrefined barrels of oil to the outside market. Exploration is now a price setter
who faces the following demand function, Py = 90 — %G), where Pj is the price charged
in the intermediate market and © is the quantity sold on the intermediate market. At
capacity of 300, ® = 300 — Q.

2.4.1 Decentralized

Refining

The optimal price and quantity functions for Refining depend on the transfer price, as determined
already in equations (4) and (5) from Scenario 1.

Exploration

The revenue for Exploration is PrQ+ Pr© = (180 — 2Q) Q+ (90 — £©). Substituting © = 300—Q
and simplifying yields the revenue in equation (16).
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Revenue = PrQ + P;(300 — Q)
= (180 — %Q)Q +[(90 — é)(?)OO —@))(300 — Q)
— 180Q — §Q2 + (90 — 50 + é@)(300 - Q)
= 180Q — %QQ + (40 + %Q)(SOO - Q)
— 1800 — gQQ +12000 — 40Q + 50Q — %QQ

— —%Q2 +190Q + 12000 (16)

Total cost for Exploration is 20Q + 3000 + 20(300 — @) = $9000. Marginal revenue is the first
derivative of the revenue function and thus is —gQ +190. Marginal cost is 0. Equating the two and
solving, yields the profit-maximizing quanity sold by Exploration to Refining (and thus by Refining
to the outside market), in equation (17).

5
Marginal Revenue = _§Q + 190 = Marginal Cost = 0
—[Q=114 (17)

Substituting the profit-maximizing quantity into equation (4) and solving for Pr gives Pr =

180 — %Q = 180 — %114 = |$104| Substituting this transfer price into the intermediate price
equation given in the scenario and solving for the profit-maximizing intermediate price price yields

Pr =90 — £(300 — 114) = [$59].

Division Profits

First substitute the optimal transfer price into equation (5) to get the profit-maximizing price

charged to the outside market by Refining P = 110+ %104 . Refining’s profit is then given
in equation (18).

IIz = Total Revenue — Total Cost
= PQ — (PrQ + 20Q + 4000)
=162 % 114 — (104 % 114 + 20 * 114 + 4000)

=[$332 (18)
Exploration’s profit is given in equation (19).

IIp = Total Revenue — Total Cost
= PrQ@Q + P;(300 — @) — [20Q + 3000 + 20(300 — Q)]
= 104 * 114 + 59(300 — 114) — 9000

=[$13,830 (19)
Corporate profit is I =TIz + I = $332 + $13,830 = | $14, 162 |.
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Also, notice that Exploration operates at capacity (300 million barrels of oil) and sells 186 million
barrels of oil on the intermediate market at a price of $59/barrel, while selling 114 million barrels
of oil to Refining at an internal transfer price of $104/barrel. The maximum number of barrels that
Exploration would sell on the intermediate market (if they had the capacity) is determined by first
computing their marginal revenue (on the intermediate market), %[PI(@)] = % [(90 — 1©) O] =
90 — %Q, and equating it with their marginal cost, %[20@] = 20. Solving yields © = 210 million
barrels of oil. Since Exploration and Refining fall under the umbrella of the same company, and
Refining is allowed to first set the transfer price to maximize their own profit, Exploration is forced
to sell the 114 million barrels of oil to Refining and then the other 186 million on the intermediate
market. Therefore, Exploration is not allowed to sell 210 million barrels to the intermediate market
while only selling 90 million barrels to Refining as that would lead to a lower overall corporate profit
relative to the optimal $14,162 found above.

2.4.2 Centralized

Corporate

Remember that unrefined oil can now be sold on the intermediate market for 90 — %@ per barrel
and © = 300 — @ million barrels are sold on the intermediate market, given that () million barrels of
refined oil are sold on the refined oil market. Therefore the total revenue for the corporation, when
centralized, is given as: P(Q)Q + [90 — £(300 — Q)] (300 — Q) = (200 — $Q) Q + [40 + Q] (300 —
Q) = —1Q? +200Q — 40Q + 50Q — £Q? + 12000 = —1Q? + 210Q + 12000. The variable cost per
barrel to produce refined oil is $40 (since Exploration has $20 variable cost and Refining has $20
variable cost) while the variable cost per barrel to produce the 300 — @ unrefined barrels of oil
is only $20 (only Exploration’s variable cost). Therefore, the total cost for the corporation, when
centralized, is given as: 40Q + 20(300 — Q) + 7000 = 20Q) + 13000. The marginal revenue (first
derivative of the revenue function) is thus 210 — @ while marginal cost (first derivative of the cost
function) is 20. Equating the two and solving gives the profit-maximizing quantiy sold on the main
market in equation (20).

Marginal Revenue = 210 — (Q = Marginal Cost = 20

—[@=1] 0

Therefore, ® = 300 — @ = 300 — 190 = million barrels of oil are sold on the intermediate
market. Substituting the profit-maximizing quantity into P = 200— %Q, gives the profit-maximizing

price, P = 200 — %190 ~ . Substituting © into the intermediate market price equation
gives Pr = 90 — %@ = 90 — %110 ~ Finally, the corporate profit, Ilo, is computed in
equation (21).
IIo = Total Revenue — Total Cost
= PQ + P;(300 — Q) — 20Q) — 13000
~ 136.67 * 190 + 71.67 * (300 — 190) — 20 * 190 — 13000

—[$17,050 (21)

Notice that decentralized Il is $14,162 while centralized II¢ is $17,050.
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IIT ANALYSIS

Table 3 summarizes the results from the three different scenarios.

Table 3

Scenario 1

Centralized | Decentralized

Transfer Price n/a $100
Price $120 $160
Quantity 240 120
Corporate Profit $12,200 $7,400
Intermediate Price n/a n/a
Intermediate Quantity n/a n/a

‘ Scenario 2 ‘

Centralized | Decentralized

Transfer Price n/a $120
Price $130 $170
Quantity 210 90
Corporate Profit $13,700 $8,900
Intermediate Price $40 $40
Intermediate Quantity 90 210

Scenario 3 ‘

Centralized | Decentralized

Transfer Price n/a $104
Price $136.67 $162
Quantity 190 114
Corporate Profit $17,050 $14,162
Intermediate Price $71.67 $59
Intermediate Quantity 110 186

In Scenario 1, even when no intermediate market exists, decentralized TP decisions lead to sub-
optimal sourcing and internal pricing decisions reduce corporate profits. The Centralized setting
reflects the optimal profit realization, given the case assumptions. The equilibrium transfer price
is $100. Given no other market to sell the product, Exploration’s sole revenue is from an internal
transfer to Refining. If Exploration charges anything less or more than $100, Exploration will make
less divisional profit. For example, why doesn’t Exploration try to increase the TP? Suppose the TP
is raised to $101. With the additional $1/barrel, Refining will curtail external sales to a quantity
between 118 and 119, thus purchasing less from Exploration. Given the variable (marginal) cost
of $20, Exploration would rather sell the additional 1+ barrels, than receive an extra $1/barrel.
However, if the TP is lowered (i.e., to $99), Exploration will sell between 121 and 122 barrels. At
a contribution margin of $79 ($99 — $20), the extra 1+ barrels are not justified. Notice that fixed
costs are not relevant to the outcome. Fixed costs are only relevant when they can be avoided and
producing nothing is the best option, which is not the situation for either division in this case.
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In Scenario 2, Exploration has the opportunity to sell any oil that Refining does not purchase to an
external buyer for $40/barrel. With this opportunity, the corporation makes more profit under both
the Centralized and the Decentralized settings, relative to scenario 1. However, in a Decentralized
setting, Refining is worse off. The $40 external price effectively serves to be a variable opportunity
cost, in that Exploration “loses” (the opportunity to make) $40 for each barrel sold in house. The
result is that Exploration will demand a greater TP of $120, willing to sell fewer barrels in house
than before. This outcome assumes that Refining’s fixed costs are unavoidable, making Refining’s
best option to lose $1,300 in profit. (Alternatively, the case easily could be redesigned with less
fixed costs for Refining to arrive at the same effect).

In Scenario 3, Exploration still retains the opportunity to sell any oil that Refining does not purchase
to an external buyer. But, here the price received by Exploration is determined by a downward-
sloping demand curve, putting additional pressure on Exploration to not hold back quantity from
Refining, as Exploration receives increasingly less for each additional barrel sold in this external
intermediate market. The TP of $104 is still greater than the $100 received without an interme-
diate market, but is far less than the $120 in Scenario 2. The corporation benefits from both the
intermediate market and the increase (from scenario 2) in quantity sold by Refining. However,
quantity sourcing still does not attain optimality.

IV . CONCLUSION

This case demonstrates an example of the costs of decentralized decision making, using a transfer
pricing application. The case presents three scenarios, differing only by the external market for the
intermediate good. In a negotiated TP arrangement with a divisional performance focus, interested
parties will cooperate, but only to the extent limited to each party’s benefit. TP arrangements
based upon variable or fixed cost pricing come with their own consequences and will also lead
to sub-optimal sourcing. In essence, limitations in individual human capacity require division of
sizable and dispersed organizations into manageable functional components. So doing, undermines
many of the synergies that give corporations size advantages in the first place.
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The CPA Evolution-aligned CPA Exam:
An Early Look at the Perspectives of Academic Accounting Leaders

ABSTRACT

In January 2024, the CPA Evolution-aligned CPA Exam (new CPA exam) was unveiled. The
impetus for the new exam includes concerns about automation, increased needs for critical
thinking and technological skills, and the mushrooming body of accounting knowledge. At the
same time that the new CPA exam has been under development, the number of CPA exam
candidates has plummeted, suggesting that the successful launch of the new exam is paramount.
Accordingly, this study surveyed academic accounting leaders at US AACSB accredited
institutions to obtain their perspectives about the new exam. Based on mean responses, the
leaders tended to strongly agree that the creation of discipline exams--one of the defining
features of the new exam--is a significant change, but they somewhat disagreed that this change
marked a significant improvement. Additionally, leaders’ perspectives suggested pessimism
about the impact of the new exam on recruiting new accounting majors and the new exam’s
influence on increasing the number of majors. The study also reports on perspectives about
resource and curriculum changes, responsibilities for exam preparation, and the need for exam
outcome data. Caveats to readers include that this study gages leaders’ perceptions prior to exam
implementation.

Keywords: accounting education; CPA exam; CPA Evolution Initiative; CPA pipeline;
perspectives of academic accounting leaders
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Introduction

In January 2024, the National Association of State Boards of Accountancy (NASBA) and
the American Institute of Certified Public Accountants (AICPA) unveiled the CPA Evolution-
aligned CPA Exam (“the new exam”), a result of the CPA Evolution Initiative (NASBA &
AICPA, n.d.). According to the Uniform CPA Examination Blueprints (AICPA, 2023), the new
exam consists of three core sections on auditing and attestation (AUD), financial accounting and
reporting (FAR), and taxation and regulation (REG). Candidates also need to pass one discipline
exam where the options are as follows: business analysis and reporting (BAR), information
systems and controls (ISC), and tax compliance and planning (TCP).

The new exam was developed based on concerns about automation, increased needs for
critical thinking and technological skills, and the mushrooming body of accounting knowledge
(NASBA & AICPA, 2021). As part of the CPA Evolution Initiative, NASBA and the AICPA
sought feedback from 3,000 stakeholders, including professional societies, regulators, CPASs in
public accounting and industry, students, and academics. In other forums, academic authors have
embraced the new exam for demanding that candidates adapt to increased variation in knowledge
(Myring & Bloom, 2022).

At the same time that the new CPA exam has been under development, the number of
CPA exam candidates has plummeted to a 17-year low (Foley, 2023). The number of accounting
majors has decreased almost 17% over the last ten years (Strickland, 2023). There has also been
a mass exodus of accountants from their jobs in the business world (Ellis, 2022). Thus, it is
possible that the new CPA exam may either (1) perpetuate a downward trend in candidates’
willingness to pursue licensure or (2) bolster CPA exam participation. Accordingly, this study

contributes to the literature by providing an early look at the perspectives on the new exam
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gathered from academic accounting leaders at US institutions accredited by the Association to
Advance Collegiate Schools of Business (AACSB). The study summarizes the central tendencies
in opinions about just how revolutionary the new exam is, the exam’s impact on number of
accounting majors, changes in resources (i.e., faculty FTES) and curriculum due to the new
exam, perceived responsibility for exam preparation, and the usefulness of having access to
exam outcome data aggregated by institution.

The findings of this study that are likely to be the most impactful are summarized in this
paragraph: Based on mean responses, the academic accounting leaders tended to strongly agree
that the creation of discipline exams--one of the defining features of the new exam--is a
significant change, but they somewhat disagreed that this change marked a significant
improvement. Additionally, leaders’ perspectives suggested pessimism about the influence of the
new exam on recruitment of accounting majors and the exam’s potential influence on increasing
the number of accounting majors.

The remainder of this paper is organized as follows: Section two describes additional
background information and the study hypotheses. Section three outlines the study’s research
methods. Section four summarizes study results. The final section provides a summary of
findings, implications for further research, and study limitations.

Background and Hypotheses

The history of the CPA exam largely reflects skirmishes over competing ideologies that
have centered on such issues as uniformity of examination, education and experience
requirements for licensure, and how to best adapt the exam to modernity. Initially, CPA
certification status did not necessarily require passing an examination at all (King et al., 2017,

Previts & Meino, 1998). Waivers were commonly granted to those deemed to have reputable

20



practices or sufficient professional experience. Those who did take examinations often faced
high failure rates, reportedly 95% and 98% in New York and Illinois, respectively. Beginning in
1917, the precursor to the AICPA, often called the Committee on Education of American
Institute of Accountants (AlA), created a single exam--the uniform CPA exam--that state boards
could opt to offer throughout the United States (King et al., 2017). However, all states did not
adopt this uniform exam until the early 1950s.

Even after the uniform CPA exam was established, Van Wyhe (2007a) reported that state
laws required just a high school education for licensure, with only 36% of all practitioners born
in the US having college degrees in the mid-1920s. Education requirements began to increase
when New York required that all CPAs have college degrees by 1938, with the AIA already
pushing for required graduate education starting in 1937. Ideological conflicts ensued related to
how much the AICPA would influence the accounting curriculum, whether accounting should be
restricted to graduate study, and whether experience requirements should be reduced due to
increased education requirements (Van Wyhe, 2007b). Ultimately, the AICPA’s journey to make
150-credit hours of education the standard for licensure included decreased experience
requirements and relaxed restrictions on the content of the extra 30 hours of education. Calderon
and Nagy (2020) have reported that requirements for course specific content and experience have
continued to decrease in several states.

Adjusting the exam for more modern circumstances began with the 1994 revision of the
exam (King et al., 2017). At this time, the exam was shortened from five parts administered in
19.5 hours over 2.5-days to four sections administered over 2-days in 15.5 hours, with
calculators being allowed for the first time. In 2004, the exam was computerized, allowing it to

be given over broad testing windows during the year, instead of just twice a year. In 2017, the
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exam was again revised to place more emphasis on higher order thinking skills (King et al.,
2017; Freeman, 2018). As discussed in more detail in the introduction, the upcoming 2024
revisions are designed to allow specialization through discipline exams and a demonstration of
core knowledge within a single certification (NASBA & AICPA, 2021).

Table 1 presents name changes in the sections of the exam associated with major exam
revisions.

It is worth noting that, as the exam has been adjusted to meet the needs of a more modern
world, a host of potential inequalities in exam outcomes may remain in relationship to
candidates’ gender and race (Trinkle et al., 2016) and the impacts of both faculty characteristics
(Bline et al., 2016) and institutional quality (Barilla et al., 2008). It may also be difficult for
institutions to gage their responses to the CPA exam revisions given that NASBA has not
released results aggregated at university level since 2019 (NASBA, n.d.). NASBA does indicate
that this data will be released after the transition to the 2024 exam.

The advent of the new exam suggests the following research questions and hypotheses:
Research Question 1: Do academic accounting leaders view the 2024 CPA exam changes as
tending toward significant improvements?

Hypothesis 1: As part of the CPA Evolution Initiative, NASBA and the AICPA sought

feedback from 3,000 stakeholders, including academics, and reported that feedback as

being supportive of development of a new exam (NASBA & AICPA, 2021). Therefore, it

is hypothesized that academic accounting leaders will view the new exam as both a

significant change and a significant improvement.

Research Question 2: Do academic accounting leaders perceive or anticipate that the number of

accounting majors at their university has or will change due to the new exam requirements?

22



Hypothesis 2: As part of the CPA Evolution Initiative, NASBA and the AICPA sought
feedback from 3,000 stakeholders, including students, and reported that feedback as
being supportive of revising the exam (NASBA & AICPA, 2021). Therefore, it is
hypothesized that academic accounting leaders will view the new exam as likely to
motivate increased accounting enrollments.
Research Question 3: To what extent will academic accounting leaders report resource changes
(i.e., increased faculty FTES) and curriculum changes as a result of the new CPA exam?
Hypothesis 3: Given the evolutionary nature of the new exam, it is hypothesized that high
levels of increased resource needs and curriculum changes will be reported.
Research Question 4: How do academic accounting leaders perceive that responsibility for 2024
CPA exam preparation should be dispersed across the curriculum, accounting departments,
faculty, and students?
Hypothesis 4. Some research suggests that instruction has changed little in response to
prior revision of the CPA exam (Freeman, 2018). Even research that does detect changes
in instruction reflects disagreements about whether instruction should be adjusted for
CPA exam changes (Kulesza & Weaver, 2019). Consequently, it is hypothesized that
leaders will indicate that students bear the most responsibility for CPA exam preparation.
Research Question 5: How do academic accounting leaders perceive the utility of having access
to outcome data on the new exam aggregated at the institution level?
Hypothesis 5: NASBA has not released CPA exam results aggregated at university level
since 2019 (NASBA, n.d.). Consequently, it is hypothesized that academic accounting
leaders will indicate valuing such data.

Research Design
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IRB Approval
IRB approvals for this study were obtained before commencing research.

Sample and Procedure
The study population (N = 532) consisted of academic accounting leaders at US

institutions accredited by the AACSB in accounting and business (n = 181) and business (n =
351). Accredited institutions were restricted to those that offered at least an undergraduate degree
in accounting. The highest level of accounting leaders at each institution were identified and
applicable email addresses were gathered via a review of institutional websites. Leaders typically
held titles such as department chair, area coordinator, or director. To guard against delays in
website updates, the survey cover letter requested that leaders send a return email if someone
else at the institution had assumed their leadership role. Two reminders were issued over the data
collection period, which was from late October to mid-December 2023.

Four emails were returned as undeliverable when the survey was initially launched; these
were resent to alternative leaders identified on institutional websites. Three leaders returned the
names of other accounting leaders at their institution who would be more appropriate contacts for
the survey.

In total, 43 participants completed the survey questions (n = 23 leaders at institutions that
are AACSB accredited in business and n = 20 leaders at institutions that are AACSB in
accounting and business). Thus, the overall response rate was 8%. On four quantitative survey
questions, 1 to 2 responses were omitted as indicated in Tables 2 to 7.1 A recent study (Boyle et

al., 2023) surveyed academic accounting leaders at AACSB accredited institutions on a different

1Responses were imputed for two participants who each skipped one of the three rankings of the
significance of each discipline section on the new exam. One participant provided a range of the
number of accounting majors at his or her school. This range was replaced with the mean of the
range.
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topic (i.e., hiring criteria for assistant professors) and reported an overall response rate of 10.7%
(N =54). Prior surveys on faculty perceptions related to previous CPA exam changes have had
response rates of 8%2 (N = an average of 44 responses per survey question) (Freeman, 2018) and
14% (N = 17 surveys) (Kulesaz & Weaver, 2019). It is possible that the responses in this study
may be more representative of institutions that have prepared or are in the process of preparing
for a department level response to the new CPA exam. Leaders at institutions where exam
changes have not yet been examined may have been more reluctant to complete the survey. It
should also be noted that academic accounting leaders at AACSB accredited institutions may
represent a unique population compared to those at other schools given that students at these
institutions tend to perform better on the exam than students at non-accredited institutions, with
students at institutions that are AACSB accredited in accounting and business often being
reported as outperforming those with AACSB accreditation in business (Nagle et al., 2018).

Leaders perceived their departments as placing a high value on the CPA exam with the
mean rating of the importance of the taking the exam being a 6 (agree) and the mean response
that the CPA exam was the most important certification to earn after graduation certification
being a 5.98 (closest to agree) on a 7-point Likert scale from 1 = strongly disagree to 7 =
strongly agree. The mean number of estimated accounting majors at respondents’ institutions
was 266; 70% of institutions were public, and 35% of participants had been in an academic
leadership role for 6 to 10 years. Table 2 provides additional information about participants and
their institutions.

Instrument
The study survey was administered through Qualtrics.

2For comparability with the number of completed surveys in this study, Freeman’s (2018)
reported response rate was recalculated based on the average response rate per question.
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Data Analysis
Data analysis consisted of descriptive statistics (frequencies, means, standard deviations).

Univariate statistics (i. e., t-tests and Wilcoxon sign-ranked tests) were used to compare
responses from leaders at institutions with AACSB accreditation in accounting and business to
those at AACSB institutions accredited in business, where a Bonferroni correction for serial
comparisons was made. The only significant difference detected was that the mean (standard
deviation) of the number of accounting majors at schools with AACSB accreditation in
accounting and business was 390(248) compared to 169(149) at schools with AACSB
accreditation in business, p = .001. The nearest rating on Likert scales was determined by
rounding mean responses up starting at the hundredths place.

In addition, each block of survey questions, which corresponded to each research
question, were tested using t-statistics or ANOVAs to determine whether responses differed
significantly according to institutional or participant characteristics. Survey questions to which
participants could select multiple responses (e.g., multiple certifications) were excluded. Thus,
the questions tested were institution type (public versus private), number of full-time accounting
faculty, Carnegie classification, and the participants’ number of years of experience as
accounting leaders.® No significant differences across groups were detected. The correlations
between the estimated number of accounting majors at each institution and each survey question
response were also not significant. Bonferroni adjustments were made for serial comparisons.
Results

Participants rated their viewpoints about whether the new exam is a significant

improvement (Research Question 1) on 7-point Likert scale from 1 = strongly disagree to 7 =

30ne cell of years of leadership and Carnegie classification were each collapsed to the nearest
cell because only one participant indicated a response for those cell.
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strongly agree (Table 3). The mean score on whether the core sections and new choice of
discipline sections are significant changes were 5 (somewhat agree) and 6.52 (closest to strongly
agree), respectively. However, the mean score on whether the core and disciplines exams are a
significant improvement were 4.12 (closest to neutral) and 3.44 (closest to somewhat disagree).
Mean ranks of the significance of each new discipline exam were BAR (rank 1), ISC (rank 2),
and TCP (rank 3). Results indicate that Hypothesis 1 was largely confirmed in terms of
sentiments that the new exam sections represent a significant change, but was disconfirmed in
terms of whether those changes represent a significant improvement.

In terms of the impact of the new exam on the decision to major in accounting (Research
Question 2), academic accounting leaders ranked their responses on a 7-point Likert scale (Table
4). The response scales differed based on the question asked. Leaders’ mean response for
whether accounting majors at their institutions are aware of the exam changes was a 5.72 (closest
to agree), where the scale for this question ranged from 1 = strongly disagree to 7 = strongly
agree. This response indicates that accounting majors may be well enough informed that exam
changes could impact the decision to major in accounting-- t least once a major is declared. The
mean response related to leaders’ perceptions of the exam’s impact on the number of current and
future accounting majors were 3.43 (closest to modestly decrease) and 3.67 (closest to no
noticeable change), respectively, with the 7-point scale for this question ranging from 1 =
significantly decrease to 7 = significantly increase. The mean response about whether the new
exam will make it easier to recruit new accounting majors was 2.6 (closest to somewhat
disagree) on a scale ranging 1 = strongly disagree to 7 = strongly agree. Consequently,
Hypothesis 2 (i.e., leaders will view the new exam as likely to motivate increased accounting

enrollments) appears to be disconfirmed.
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Participants rated their viewpoints about whether the new exam would result in
significant curriculum and resource changes (i.e., adding faculty FTEs) (Research Question 3) on
5-point Likert scale from 1 = definitely not to 5 = definitely yes (Table 5). Mean scores for
adding new faculty FTESs, changing existing coursework, adding new coursework, and changing
existing concentrations were 1.86 (closest to probably not), 3.84 (closest to probably yes),
3.51(closest to probably yes), and 2.6 (closest to neutral). Mean scores for adding a new
concentration, changing the list of required courses to major in accounting, and adding teaching
software were 2.51 (closest to neutral), 2.77 (closest to neutral), and 3.63 (closest to probably
yes). This indicates that curriculum changes are perceived to most likely occur related to
changing existing courses, adding new courses, and teaching new software. Thus, Hypothesis 3
appears to be somewhat confirmed, with the results providing an indication of which curriculum
changes have or will be made. Open-ended questions related to Research Question 3 did not
indicate any particular pattern of results, except that five respondents indicated that their
university was still evaluating the impact of the exam changes, which emphasizes that the
responses given are an early look.

Leaders rated their viewpoints about responsibility for preparation for the new exam
(Research Question 4) on 7-point Likert scale from 1 = strongly disagree to 7 = strongly agree
(Table 6). As anticipated in Hypothesis 4, leaders perceived that students bear the greatest
responsibility for exam preparation (Mean 6.47, closest to strongly agree). On the other hand,
mean viewpoints on the responsibility of faculty and accounting programs for preparing students
for the exam tended toward somewhat agree (Means = 4.81 and 5.0, respectively). Leaders’

mean responses also suggested that that they somewhat agreed with the proposition that a broad
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accounting curriculum should be taught, rather that perceiving that academic programs should be
structured toward covering topics on the CPA exam (Mean = 5.05).

Participants rated their viewpoints about whether having access to outcome data
aggregated at the university level would be useful to them on (Research Question 6) on 7-point
Likert scale from 1 = strongly disagree to 7 = strongly agree (Table 7). The mean response about
whether data would be useful to them was a 6.42 (closest to agree). On open-ended questions,
leaders indicated the data would be helpful for program assessment, accreditation, evaluating
instruction, and marketing.

The survey concluded with an open-ended question where participants were invited to
comment on any topic related to the new exam (n = 15). Eighty-seven percent of leaders’
comments conveyed pessimistic viewpoints including concerns about the impact of the exam on
the profession, projected declines in number of CPA candidates and exam pass rates, and doubts
about appropriateness of new exam content.

Conclusion

The academic accounting leaders in this study reported contrarian viewpoints that might
not be expected based on the NASBA and AICPA reports about the development of the new
exam (NASBA & AICPA, 2021). Although leaders strongly agreed (somewhat agreed) that the
new discipline (core) sections are significant, they somewhat disagreed (were neutral) about
whether the change in the discipline (core) exams is an improvement. They perceived the new
exam may be associated with a modest decrease in current accounting majors, would cause no
noticeable change in future accounting majors, and somewhat disagreed that the new exam will
make it easier to recruit new accounting majors. Eighty-seven percent of open-ended, free-range

guestions about the exam indicated negative sentiments about the new exam. These findings
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appear to be oppositional to feedback NASBA and the AICPA received from over 3,000
stakeholders who indicated support for revising the exam (NASBA & AICPA, 2021).

Leaders also indicate that curriculum changes are perceived to occur most likely related
to changing existing courses, adding new courses, and teaching new software. They strongly
agreed that students bear the greatest responsibility for exam preparation. Leaders somewhat
agreed with the proposition that a broad accounting curriculum should be taught, rather than
perceiving that academic programs should be structured toward covering topics on the CPA
exam. Finally, leaders agreed that having exam data aggregated at the institution level would be
useful. Such data could be used for program assessment, meeting accreditation standards,
evaluating instruction, and marketing.

Implications for Future Research
Future research might explore academic leaders’ viewpoints at non-AACSB accredited

institutions. Research indicates that AACSB accredited institutions may be a unique population,
given that CPA candidates from such institutions tend to do better on the CPA exam (Nagle et
al., 2018). It would be ideal to understand the perspectives and challenges faced by leaders at
other institutions in light of exam reform. In addition, it will be useful to monitor whether the
perspectives of accounting leaders change over time as they become more accustomed to the new
exam. Finally, it would be a good idea to evaluate the actual impact (if any) of the new exam on
recruiting new accounting majors and selecting accounting as a major. Equity- and diversity-
related changes in pass rates on the new exam may also be a prime area of study as echoed by
one participant.

Limitations
Sample size (N = 43) is a limitation of this study. This small sample size may reflect self-

selection bias among institutions that have studied the new exam the most. Thus, it would be
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inappropriate to suggest the study findings necessarily have external validity. In addition, this
study reports leaders’ expectations prior to the new exam being operationalized. Academic
accounting leaders’ opinions may change after the new exam has been administered for a few
years. Finally, although means are helpful in identifying overall perceptions, it is important to
remember there is variability in leaders’ perspectives.
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Table 1: Exam Section for Each Major Exam Revision

Expansion of

1917 Exam
1917 Exam? until 1994 2 1994 Exam? 2004 Exam? 2024 Exam®
Required Sections
Auditing Auditing Auditing Auditing & Attestation Auditing & Attestation

Commercial Law

Business Law

Business Law
& Professional
Responsibilities

Regulation

Taxation & Regulation

Business Environment
& Concepts

Accounting Theory &
Practice, Part |

Accounting Theory

Accounting & Reporting

Accounting Theory &
Practice, Part Il

Practice |

Financial Accounting &
Reporting

Financial Accounting &
Reporting

Financial
Accounting & Reporting

Practice 11

Discipline Sections (Choice of One)

Business analysis &
reporting

Information systems &
controls

Tax compliance &
planning

3source: King et al. (2017).
bSource: AICPA (2023).
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Table 2: Department Climate (Perceptions of the Importance of the CPA Exam), Institution
Characteristics, and Participant Demographics

Question Statistic
Overall, my department emphasizes the importance of taking the CPA exam.? 6.09
(1.34)
43
Overall, my department regards the CPA exam as the most important certification to 5.98
obtain after graduation.® (1.23)
n 43
Est. number of accounting majors at institution
Mean 265.66
SD 225.55
n 41
Institution type
Public, % 69.8%
Private, not-for-profit, % 30.2%
n 43
No. full-time faculty employed at university
1-5,% 18.6%
6-10,% 39.5%
11-15,% 18.6%
16-20,% 9.3%
More than 20,% 14.0%
n 43
Carnegie classification
R1: Doctoral University (very high research activity) 27.9%
R2: Doctoral University (high research activity) 25.6%
D/PU: Doctoral/Professional University 7.00%
Master’s Colleges and Universities (any size) 34.9%
Baccalaureate College: Arts & Sciences Focus 2.3%
Baccalaureate College: Diverse Fields 2.3%
n 43
CPA, % 74.4%
CMA, % 7.0%
n 43
Years in leadership position in academia
Less than a year 2.3%
1-5 years 27.9%
6-10 years 34.9%
11-15 years 9.3%
16-20 years 14.0%
21 or more years 11.6%
n 43
Do you oversee accounting programs for undergraduates? % 90.7%
Do you oversee accounting programs for graduates students? % 69.8%
Do you oversee accounting programs for PhD students? % 16.3%
N 43

?Responses were rated from 1 = strongly disagree to 7 = strongly agree.
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Table 3: Do academic accounting leaders view the 2024 CPA exam changes as tending

toward significant improvements (Research Question1)?

Question Mean
(Standard
Deviation)
N
The content of the core sections covered in the 2024 CPA exam represent a 5
significant change to the exam. ? (1.38)
43
The core sections covered in the 2024 CPA exam represent a significant 4,12
improvement to the exam. ? (1.14)
43
The inclusion of a choice of discipline examination sections represents a 6.52
significant change to the exam. ? (0.99)
42
The inclusion of a choice of discipline examination sections represents a 3.44
significant improvement to the exam. (1.75)
43
Rank the significance of the addition of each discipline examination to the
new exam (i.e., rank 1 to 3).°
BAR 1.67
(0.81)
43
ISC 1.93
(0.77)
43
TCP
2.40
(0.73)
43
Most accounting majors at my institution would need a fifth year of 5.37
accounting coursework in order to pass all sections of the new exam. ? (1.99)
43

#Responses were rated from 1 = strongly disagree to 7 = strongly agree.

"BAR = Business Analysis and Reporting; ISC = Information Systems and Controls;

TCP = Tax Compliance & Planning.

35




Table 4: Do academic accounting leaders perceive or anticipate that the number of

accounting majors at their university has or will change due to the new exam requirements
(Research Question 2)?

Question Mean
(Standard
Deviation)
N
The number current number of accounting majors at my institution 3.43
has (ed) due to the exam changes.? (1.09)
42
My institution anticipates that the number of accounting majors 3.67
will in the future due to exam changes. ? (1.19)
43
It is likely that the exam changes will make it easier to recruit 2.60
accounting majors at my university.” (1.43)
43
Most accounting majors at my university are aware of changes to 5.72
the CPA exam.® (1.28)
43

®Responses rated from 1 = significantly decrease to 7 = significantly increase.
PResponses were rated from 1 = strongly disagree to 7 = strongly agree.

36



Table 5: To what extent will academic accounting leaders report resource changes (i.e.,
increased faculty FTEs) changes and curriculum changes as a result of the new CPA exam
(Research Question 3)?

Question Mean
(Standard Deviation)
N
Has your university added new faculty FTEs in response to the new 1.86
exam (or is it in the process of doing so0)? (1.18)
42
Has your university changed existing coursework in response to the 3.84
new exam (or is it in the process of doing so0)? (1.11)
43
Has your university added new coursework in response to the new 3.51
exam (or is it in the process of doing so0)? (1.33)
43
Has your university changed existing concentrations in response to the 2.60
new exam (or is it in the process of doing so0)? (1.43)
43
Has your university added new concentrations in response to the new 2.51
exam (or is it in the process of doing so0)? (2.37)
43
Has your university changed its lists of required classes in response to 2.77
the new exam (or is it in the process of doing so0)? (1.45)
43
Has your university incorporated new software in response to the new 3.63
exam (or is it in the process of doing so0)? (1.13)
43

*Responses were rated from 1 = definitely not to 5 = definitely yes.
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Table 6: How do academic accounting leaders perceive that responsibility for 2024
CPA exam preparation should be dispersed across the curriculum, accounting
departments, faculty, and students (Research Question 4)? (N =43)?

Question Mean

(Standard

Deviation)
Academic Programs should not be specifically structured toward 5.05
covering the topic areas in the AICPA’s Uniform CPA Examination (1.85)

Blueprints or other exam guides. Instead, academic accounting
programs should cover a broad accounting curriculum.

Academic accounting programs are responsible for preparing students 5.00
for the CPA exam. (1.45)
Accounting faculty are responsible for preparing students for the CPA 4.81
exam. (1.53)
Students are responsible for preparing themselves for the CPA exam, 6.47
including making a decision about whether to enroll in an exam prep (0.70)
service.

#Responses were rated from 1 = strongly disagree to 7 = strongly agree.

Table 7: How do academic accounting leaders perceive the utility of having access to
outcome data on the new exam aggregated at the institution level (Research Question 5)?
Mean
(Standard
Deviation)
N

Having current data on student performance on the new 6.42
exam would be useful to my university.? (1.12)
43
aResponses were rated from 1 = strongly disagree to 7 = strongly agree.
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Abstract

This study introduces a novel approach to monitoring financial advisor misconduct using Approximate
Entropy (ApEn), a measure that quantifies the degree of unpredictability in time series data. By applying
ApEn to the earnings of BD firms and drawing from the anomaly detection approach in forensic
accounting and finance, we predict and find that greater ApEn serves as an early signal of greater future
financial advisor misconduct, revealed in the subsequent three one-year periods. A 1% increase in ApEn
at the end of period t is associated with a 51.1% (80.6%, 61.4%) increase in misconduct instances in year
t+1(t+2,t+3). Our findings, taken with findings from Egan, Matvos, & Seru (2019), suggest that a
mere 1% increase in ApEn is associated with additional damages from misconduct of roughly 451 (711,
542) thousand dollars in the ensuing three years, suggesting that the economic significance of our findings
is material.

1. INTRODUCTION

Financial advisors play a vital role in guiding over half of American households on borrowing and investing
decisions (Bhutta et al., 2020), while managing over $114 million in client assets as of the end of 2022
(Office of Financial Research, 2023).! The wealth management industry is forecasted to generate revenues
of $544 billion in 2024 (IBISWorld, 2024). Yet, research reveals financial advisor misconduct to be a
persistent issue in the industry. An estimated 7.7% of advisors have been found to engage in misconduct
during their careers (Egan et al., 2019), with roughly one-fourth engaging in multiple (repeated) offenses
(Honisberg et al., 2022). Moreover, the economic implications of financial advisor misconduct in the
broker-dealer (BD) industry are considerable, with the average settlement for customer claims related to
misconduct, from 2005 to 2015, exceeding $500,000 (Egan et al., 2019). Despite the persistent nature of
this issue, detecting misconduct remains challenging. Dimmock et al. (2020) find the average duration of
fraud cases committed by investment advisors to be approximately three years, indicating significant delays
in the detection of such misconduct and underscoring the motivation for more effective detection methods.

In this study, we introduce a novel approach to monitoring financial advisor misconduct at the broker-dealer
(BD) firm level, which computes the Approximate Entropy (ApEn) of BD firm earnings. ApEn is a statistical
measure that captures the complexity of information by quantifying the degree of regularity and
unpredictability in the fluctuations of time series data. Drawing from the anomaly detection approach,
commonly used in forensic accounting and finance, we predict that high ApEn values, which indicate
significant irregularities in the earnings time series of BD firms, serve as early signals of financial advisor
misconduct. We test our predictions by analyzing data derived from Audit Analytics’ Broker-Dealer
database and the Financial Industry Regulatory Authority (FINRA)’s BrokerCheck database covering 2002
to 2020, and aggregating instances of financial advisor misconduct at the BD firm level.

! Consistent with the definitions used by Dimmock, Gerken, and Graham (2018) and Egan et al. (2019), in our
manuscript, we use the term “financial advisor” to include individuals registered with FINRA as “registered
representatives.” This encompasses brokers, dealers, financial planners, and investment advisors who are listed on
BrokerCheck and also registered as brokers.
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We also explore the effectiveness of financial risk as a potential early signal of BD misconduct. Financial
risk, represented by volatility, is well established in research (e.g., Andersen et al. 2013). We investigate
whether higher volatility in prior period BD earnings also serves as an advance signal of greater misconduct.

We find that BD firms with greater ApEn values, exhibit greater levels of financial advisor misconduct
within the subsequent one to three years. Specifically, a 1% increase in ApEn at the end of period t is
associated with a 51.1% (80.6%, 61.4%) increase in misconduct instances in year t + 1 (t + 2, t + 3).
Considering the mean number of 1.46 misconducts we find per sample firm-year, the 1% increase in ApEn;
translates to an increase of 0.75 (1.18, 0.90) misconduct instances in year t+ 1 (t + 2, t + 3). Also considering
the Egan et al. (2019) mean settlement estimate of $550,000, our findings suggest that a 1% increase in
ApEnt is associated with additional misconduct costing damages of $410 ($647, $493) thousand. However,
we find no evidence that BD earnings volatility indicates future discoveries of misconduct.

While ApEn has emerged as a valuable tool for control monitoring across various fields, with applications
ranging from assessing health conditions in medical science (see, e.g., Pincus, 1991; Pappalettera et al.,
2022) to evaluating machine health and decay in mechanical engineering (Yan and Gao, 2007), our study
underscores ApEn’s potential to assist control systems in the financial industry and as a useful tool for
regulatory agencies. ApEn’s strength as a monitoring device lies in its reduced vulnerability to manipulation,
while maintaining its relative ease of use, likely cost effectiveness, and its ability to be implemented using
publicly available financial statement data from BD firms. Furthermore, as a statistical measure, ApEn is
robust due to its resistance to large and infrequent outliers or numerical artifacts, and it can be applied to
any type of time series data, whether short-term or long-term (Delgado-Bonal and Marshak, 2019; Chon,
Scully, and Lu, 2009)2.

The remainder of this paper is structured as follows. Section 2 discusses three considerations that motivate
our study: financial advisor misconduct, anomaly detection approaches in forensic accounting and finance,
and the theory of Approximate Entropy (ApEn). Section 3 develops our main prediction. Section 4 describes
our data and summary statistics. Section 5 reports our findings. Section 6 concludes and offers potential
avenues for future research.

2. MOTIVATION
2.1. Agency Costs and Broker-Dealer Misconduct

Financial advisor misconduct ranges from questionable practices such as excessive trading for personal
gain to major scandals like the Madoff’s $65 billion Ponzi scheme. The primary forms of misconduct
include recommending unsuitable securities, misrepresentation, unauthorized activity, omission of key
facts, charging improper fees, fraud, and violations of fiduciary duty (Griffin and Kruger, 2024). These
actions severely erode trust within the industry (Rickenbacher, 2023). Victims of financial advisor
misconduct are often older and have lower levels of education (Egan et al., 2019; Law and Mills, 2019).

While such findings are notable, they are not altogether unexpected. The typical investor and broker-dealer
arrangement is a designed separation of the investment management function from the investor/owners,
forming a classic principal-agent relationship. The natural misalignment of the incentives of the respective

2 Since ApEn computes the log likelihood of repetitions of "close" patterns in the time series, it is not influenced by
large and infrequent outlying values that may occur in the time series. Large outliers, by definition, cannot occur in
patterns frequently throughout the time series (because they wouldn't be an "outlier" if they did). Standard statistical
moments of a time series (mean, variance, kurtosis etc.) are influenced by large and infrequent outlying values.
ApEN has the benefit that it is not.
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parties that ensues due to this separation is intensified by common investment advising compensation
arrangements, such as paying firms commissions on the basis of investor trading activity or on the basis of
assets under management, as opposed to on the basis of investor risk-adjusted returns. Further, the
relationship is characterized by considerable information asymmetries and limitations in the ability of the
investor principal from directly observing the motives and activities of the investment advisor. The
combination of these characteristics prevent investors from having assurance that the firm and its advisors
are acting in the investor’s best interests, placing investors at risk to incur residual losses, the agency costs
that ensue as a result of agents taking suboptimal actions (Fama and Jensen 1983). The damages arising
from broker-dealer misconduct, cited above, represent the more extreme and verifiable component of the
investors’ larger, total residual losses.

There are available options to alleviate residual losses. The respective parties could structure performance
contracts that reward agents for acting in the investors’ best interests. However, such contracts are not
common in practice and structuring effective contracts, ex ante, could be challenging. For example, we note
many similarities between IAM and inventive activities, which are addressed in Holmstrom (1989).
Exploring the most efficient arrangements for organizing inventive activities, Holmstrom identifies several
attributes that hinder the design of effective incentive contracts (also see Francis and Smith; 1995, p. 385).
Such attributes include long-term time horizons with unpredictable outcomes and the potential for high risk,
attributes which can also apply to IAM. IAM is also labor intensive and can be idiosyncratic, to the extent
that individual investment portfolios can be customized (e.g., see BCG, 2023). While the degree of the risk
and the idiosyncratic nature of investment advising may not be as great as is with inventive activities, the
nature of the IAM arrangement and processes are likely sufficient to curtail the use of performance contracts
for alleviating residual costs.

Other options for alleviating residual losses include monitoring, organizational control processes and
regulation. Monitoring can include the timely measuring and tracking of virtually any observable “signal
of the agent’s action other than the outcome” (Holmstrom 1989, p. 311). Organizational control is a broad
concept, but includes internal processes designed to provide reasonable assurance that the organization
achieves its objectives, while meeting reporting integrity and operating within compliance to applicable
laws (COSO 2011). Regulation can be self-imposed by an industry, a professional organization, or imposed
by government. These three options are much more common to the investment advising and management
practice.

2.2. Anomaly Detection Techniques in Forensic Accounting and Finance

Forensic accounting, which scrutinizes firms for financial reporting misconduct (Honisberg, 2020), and
forensic finance, which probes into potentially illegal, illicit, or immoral activities in financial markets
(Griffin and Kruger, 2024), both frequently utilize irregular data patterns to detect misconduct. These fields
align closely with the domain of financial fraud detection, which specifically aims to identify fraudulent
activities in the financial sector by employing anomaly detection techniques (Hilal et al., 2022).

Anomaly detection is extensively applied across various domains to identify patterns in data that deviate
from expected behavior. Such deviations, often referred by a variety of names, represent significant
departures from the norm (Chandola et al., 2009). A basic approach in anomaly detection is to define a
region representing normal behavior and classify any observation outside this region as anomalous
(Chandola et al., 2009). A common application of this method is in detecting credit card fraud, where most
transactions are genuine and classified as “normal.” Transactions that deviate from this norm might indicate
fraudulent activities by an unauthorized party (Singh and Upadhyaya, 2012).
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According to a literature review by Honisberg (2020), forensic accounting commonly employs a range of
anomaly detection techniques. One method involves identifying statistical abnormalities, such as detecting
instances where firms consistently meet or beat their targets (Burgstahler and Dichev, 1997). Another tool
that relies on statistical abnormalities is application of Benford’s Law. Honisberg (2020) illustrated its
effectiveness by examining hedge fund returns from the TASS Lipper Hedge Fund Database between 2000
and 2013 and showed that while most hedge funds’ returns conformed to the expected distribution under
Benford’s Law, Bernie Madoff’s fund returns showed substantial deviations. Besides identifying statistical
abnormalities, other methods can use accounting-based predictors to spot irregularities, such as using
abnormal accruals (see, Healy, 1985; Dechow et al., 1995; Dechow & Dichev, 2002).

A major challenge, however, lies in detecting financial misconduct that has not yet been exposed
(Honisberg, 2020). Looking ahead, Honisberg (2020) suggests that the increasing adoption of advanced
data analysis techniques, such as artificial intelligence and machine learning, can significantly improve the
prediction and detection of financial misconduct.

2.3. The Concept of Entropy in Information Theory

In this study, we introduce an application of entropy as a cost-effective anomaly monitoring device with
the potential to provide early detection of BD misconduct. The concept of entropy, first introduced in
thermodynamics, quantifies the degree of disorder or randomness in a physical system. Rudolf Clausius
introduced this concept in the late 19th century (Alu et al., 2020), and during the same period, Ludwig
Boltzmann established the logarithmic relationship between entropy and probability. Claude Shannon,
beginning in 1948, adapted this concept to information theory (Alu et al., 2020; Shannon, 1948; Shannon,
1963). Shannon’s information theory aimed to objectively measure information by employing the concept
of entropy (Delgado-Bonal and Marshak, 2019).

In simple terms, the underlying principle of quantifying information is to measure the level of surprise in
an event, and entropy values represent the levels of surprise. The basic premise of information theory is
that that learning about an unlikely event occurring is more informative than learning about a likely event
(Goodfellow, Bengio, and Courville; 2016). This is because rare events (those with low probability) are
more surprising and thus carry more information than common events (those with high probability). In
essence, low-probability (high-probability) events correspond to high (low) information content and,
therefore, have high (low) entropy values.

Information entropy plays a crucial role in machine learning and the Big Data era. In particular, the concept
of information entropy helps machine learning algorithms navigate the uncertainty and randomness present
in large datasets. By quantifying the level of disorder or unpredictability in the data, information entropy
provides a framework for identifying hidden structures and relationships. This framework allows machines
to uncover valuable insights and make more accurate predictions, even in the face of large, unstructured,
complex, or noisy data.

2.4. Approximate Entropy (ApEn)

ApEn is a measure of the inherent unpredictability of a time series variable that relies only on the properties
of the time series in question. Previous to this time, most researchers used the Kolmogrov-Sinai (K-S)
entropy metric that was first discovered in Kolmogorov (1958), Kolmogorov (1959) and Sinai (1959). The
original K-S entropy metric was based on information theory concepts first proposed by Shannon (1948)
and involves computing a triple limit. The K-S metric, therefore, is not particularly suitable to quick
computation and instances in which the underlying time series contains noise. ApEn. However. is an
approximate to the K-S entropy metric that ic mnrh aaciar tn ~ompute, employs minimal time series data,
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and has been shown to perform relatively well in capturing the underlying unpredictability of a time series
variable, even in the presence of reasonable amounts of noise. ApEn is a calculation of the inherent
unpredictability of a univariate time series process that relies only upon the sequence recurrence properties
of the time series data in question, rather than the underlying distribution of the data, allowing for its
application to signals of shorter length and the elimination of the need for model estimation (Pincus and
Kalman, 2004). Conceptually, ApEn “grades a continuum that ranges from totally ordered to maximally
irregular” for a given time series (Pincus, 2008, p.330). More specifically, ApEn measures the log-
likelihood that runs of patterns that are close will remain close on next incremental comparisons (Pincus et
al., 1991). Therefore, it is expected that any shift in “an ensemble amount of randomness” can represent “a
critical indicator” of a change in the status of the underlying process (Pincus, 2008, p. 329), giving ApEn
the ability to detect changes in underlying episodic behavior that are not apparent through peak occurrences
or amplitudes (Pincus and Viscarello, 1992).

To illustrate how ApEn is distinguished from volatility, consider an example discussed by Chaitin (1975)
and elaborated on by Delgado-Bonal and Marshak (2019). Imagine two time series, Series A and Series B,
both with a mean of 0.5 and a standard deviation of 0.5:

SeriesA=1,0,1,0,1,0,1,0,1,0
SeriesB=1,1,0,1,0,1,0,0,0,1

While both series share the same mean and standard deviation, predicting the next value in Series A is
straightforward as it follows a simple alternating pattern of zeros and ones. In contrast, Series B does not
exhibit a clear pattern, making predictions more challenging. This example highlights a key limitation of
traditional moment statistics (mean or standard deviation): they cannot mathematically demonstrate the
randomness or unpredictability of a series.

ApEn effectively captures the randomness in these time series. When calculating ApEn for each series, we
find ApEn(A) = 0.0062 and ApEn(B) = 0.4221. These values suggest that Series B is significantly more
unpredictable than Series A. This inference is consistent with the greater ApEn value for Series B, indicating
greater randomness or irregularity. Notably, the identical standard deviations for both series provide no
insights into their predictability differences, highlighting ApEn’s utility in analyzing such data.

ApEn effectively addresses a critical gap in financial oversight by providing an early signal for undetected
financial misconduct through anomaly detection in current time series data. As such, the implementation
of ApEn within the regulatory framework for BD settings can lead to more efficient resource allocation,
targeted investigations, and timely interventions. In essence, ApEn can serve as a decision aid for regulatory
agencies, enabling them to focus more resources on judgment-based aspects of their work and create more
responsive regulatory systems overall (Heimer and Kuo, 2021; Allen, 2023). Moreover, although
monitoring is not free (Holthausen and Leftwich, 1983, ApEn nevertheless offers a cost-effective
monitoring solution for industry and for regulatory agencies.®

3 We recognize that FINRA regulates brokers, who technically do not provide investment advising services, while
the SEC oversees investment advisors who do offer such services. Brokers are generally compensated through
commissions for executing trades, whereas investment advisors usually earn a flat fee or a percentage of the assets
under management for advising on securities and managing portfolios. Consequently, our recommendations related
to the agency problem, based on our analysis of FINRA data, may not directly apply to scenarios where advisors are
actively providing investment advice. However, there is significant overlap between brokers and investment
advisors, as 51.4% active advisors are dually r~~i~t~=nr =itk b~ FINRA and the SEC (Egan et al. 2019).
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Despite its popular applications in fields such as medical science and mechanical engineering, to the best
of our knowledge, ApEn has not yet been utilized in the accounting literature. Therefore, our study
represents one of the initial efforts to introduce ApEn as a novel detection tool within the accounting domain.

3. MAIN PREDICTION

Our main prediction draws on findings that financial advisor misconduct is often driven by a strong profit
motive, suggesting that greater misconduct correlates with greater profits for BD firms that engage in such
behavior (Sheen, Wu, and Yuan, 2022). This is consistent with empirical results from Christoffersen et al.
(2013), Egan (2019), and Egan et al. (2022), which suggest that brokers frequently steer household
investment decisions toward inferior investment products that allow them to earn higher commissions.
Given that misconduct is likely to result in excessive fees, aggressive revenues, or inflated commissions,
we predict that it is likely that BD firms engaging in misconduct will report excessive, irregular, or
“abnormal” earnings compared to those without misconduct.

Building on the anomaly detection approach utilized in forensic accounting and finance, we propose a
method to detect BD firms engaging in misconduct by measuring the irregularity of their earnings using the
Approximate Entropy (ApEn) calculation. We predict that higher ApEn values in the earnings of BD firms
are indicative of potential misconduct. If our prediction holds, we expect that such firms will subsequently
be identified as having committed misconduct.

Main Prediction: Broker-dealer (BD) firms exhibiting higher levels of earnings unpredictability
will subsequently exhibit higher levels of financial advisor misconduct.

4. Sample Construction

Following the approach of Peng et al. (2024), we constructed our sample dataset in three steps. First, we
obtained data from Audit Analytics' Broker-Dealer database for the period 2000-2020. The Audit Analytics’
Broker-Dealer database provides normalized information extracted from the Financial and Operational
Combined Uniform Single (FOCUS) reports submitted to FINRA. The FOCUS reports offer a
comprehensive overview of the financial and operational health of broker-dealers registered with the
Securities and Exchange Commission (SEC). The database encompasses important data points such as
auditor details, revenue figures, total assets, and contact information of BD firms.

Next, we merged this dataset with FINRA’s BrokerCheck reports at the BD-firm level, which we web
scraped using Python and collected at the end of 2019. We manually matched BD firm names from Audit
Analytics with those in the FINRA BrokerCheck to facilitate the merging process.

Finally, we merged the resulting dataset with the universe of individual financial advisor data sourced from
FINRA’s BrokerCheck reports, which we also web scraped using Python at the end of 2019, and we
grouped them at the BD firm level.* BrokerCheck provides detailed information on all financial advisors
registered with FINRA as broker-dealers currently employed in the U.S. securities industry, as well as those

4 FINRA reports a financial advisor’s records if this person was active from 2009 to 2019 in our sample (ten-year
period in general, for details see FINRA’s disclosure rule: https://www.finra.org/rules-guidance/rulebooks/finra-
rules/8312#the-rule). Since FINRA reports the advisor’s full employment history and misconduct records, we still
see their records prior 2009.
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who were employed within the past 10 years. We aggregated the 1,156,230 advisor records in our sample
to the BD firm-year level using the firm’s unique central registration database (CRD) number.

In short, following the approach of Peng et al. (2024) and consistent with Kowaleski (2020) and Cook et al.
(2019), we obtained a complete dataset of 85,282 BD firm-year observations for the period 2000-2020 after
excluding observations with missing values and duplicate filings for a given year and prior to implementing
additional data restrictions.®

4.2. Measurement of Financial Advisor Misconduct

Our dependent variable, Misconduct, is computed as the total number of misconduct events in a BD firm-
year. Following Egan et al. (2019), we collected and categorized individual financial advisor’s disciplinary
events disclosed in FINRA’s BrokerCheck, focusing on those that indicate severe professional misconduct
such as fraud or wrongdoing. Specifically, we identified six out of the 23 disclosure event categories
documented by FINRA, which correspond to misconduct: Customer Dispute—Settled, Regulatory—Final,
Employment Separation After Allegations, Customer Dispute—Award/Judgment, Criminal—Final
Disposition, and Civil—Final. Appendix A provides definitions of all six misconduct types.

Our primary variable of interest is the unpredictability of prior earnings, which we quantify using the
Approximate Entropy (ApEn) metric. The computation of ApEn follows the six-step process described by
Pincus et al. (1991, pp. 357-358).° We calculate the approximate entropy of a BD’s annual net income time
series using ApEn. We require each BD firm to have at least four years of financial data to ensure the
robustness of our ApEn calculations, as these can be sensitive when based on overly short time series data.
Given that BD firms voluntarily report their net income and are only mandated to report balance sheet data,
we often encounter a significant number of missing income observations. To address this, we calculate the
year-over-year change in total ending assets minus the change in total ending liabilities as a proxy for net
income, albeit noisily, for a BD firm each year.

After removing observations with missing data and recalculating net income as the change in net assets, we
retain 70,424 firm-year observations from 2001 to 2019.” Since there are only five observations for the year
2001, we omitted this year from our analysis; this results in a total of 70,419 observations spanning the
years 2002 to 2019. Applying the four-year data requirement for calculating ApEn, we end up with 40,692
firm-year observations from 2006 to 2019. We use the ApEn values computed in year t to predict

® For additional clarity regarding how we obtained the FINRA’s BrokerCheck dataset: Over two months from
November to December 2019, we used Python to scrape 1,191,285 raw JSON files from the BrokerCheck website.
These files provide a full employment history for individual financial advisors actively registered with FINRA from
2009 to 2019, including information on employment, examinations, licenses, customer complaints, arbitrations,
regulatory actions, employment terminations, bankruptcies, and certain legal proceedings. In addition, we acquired
20,556 raw JSON files from BD firms, detailing firm names, registration dates, and active statuses. Our sample size
is comparable to the 1.2 million records utilized in the study conducted by Egan et al. (2019). To organize the data,
we parsed and merged the JSON files into CSV files using Python. Furthermore, we manually cross-checked the
information of multiple financial advisors from the BrokerCheck website with the data we collected to ensure
accurate parsing of the files.

& Although a detailed description of these steps is beyond the scope of this paper, the explanation in Pincus et al.
(1991) of the formal computation of ApEn is relatively non-technical. Their primary audience was medical doctors,
and the original application was designed to provide a practical metric for doctors to identify unhealthy infants using
a time series of neonatal heart rates. For a more in-depth understanding, we recommend that interested readers
consult the review and comprehensive tutorial on Approximate Entropy by Delgado-Bonal and Marshak (2019).

" We excluded observations from the year 2027 = = #-~ =~ mil-bilisy of misconduct data for that period.
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misconduct inyearst+1,t+ 2, and t + 3. This prediction model requires each BD to have at minimum five,
six, and seven firm-year observations, respectively. This final data requirement results in the final sample
sizes of 40,692 (35,383), (30383) firm-year observations for estimations in time t + 1 (t + 2) (t + 3).8

For computation, ApEn employs three predetermined parameters, the embedding dimension (m), the time
delay (d), and the radius of similarity (r). Given the limitations in the length of time series in our sample
(each firm has, at most, fifteen observations), m is set to equal the minimum block size of 2, allowing for a
great number of block combinations. We set d = 1.° The radius of similarity serves as a tolerance threshold
by which we determine if two sub-runs of the time series are “similar” and is set to r = 0.5 = std(x), where
std(x) is the standard deviation of the time series.!®

4.3. Summary Statistics

Figure 1 plots the ratio of financial advisor misconduct cases per BD firm from 2006 to 2019. The ratio
reached its peak during the years 2015-2016, with approximately 1.8 misconduct cases per BD firm.
Following this peak, the ratio of misconduct cases per BD firm exhibited a sharp decline. In 2019, the ratio
dropped to around 0.77 misconduct cases per BD firm.

8 We observed the greatest reduction in firm-year observations in our t + 3 regression, as it includes only those firms
with a minimum of seven years of data. This is due to the requirement of four years of data to calculate ApEn at the
end of year t, plus an additional three years to observe future misconduct.

9 Kaffashi et al. (2008) conclude that a unity delay is likely adequate for measuring the complexity of signals arising
from non-linear sources, except in cases of persistent autocorrelation.

10 1n our study, we employed MATLAB to cal~'~*~ #="= «=iti=in~ i~ hyjijlt-in “ApproximateEntropy” function.
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FIGURE 1
Number of Misconduct Per BD Firm by Year
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We also include the following BD firm-specific variables as controls in our study: Size, N-Advisors,
Knowledge, Firm-Age, and Experience. Size represents the size of the BD firm and is measured as the
natural logarithm of the firm’s total assets. N-Advisors is the number of investment advisors registered in
FINRA and employed in a BD year. Knowledge represents advisor knowledge and is measured as the
average number of qualification exams passed per advisor as of the end of the year, for a given BD. We
include the six most common qualification exams (Series 6, 7, 24, 63, 65, and 66), following Egan et al.
(2019). Firm-Age is the age of the firm and Experience of advisors is the average number of years of career
experience per advisor, per firm-year. Appendix B presents the definitions of all variables.

TABLE 1
Descriptive Statistics
Variables Mean Median Standard Deviation
Misconduct 1.605 0.000 14.286
ApEn 0.046 0.059 0.261
Volatility 12.669 12.362 2.708
Size 14.066 13.625 2.911
N-Advisors 192.600 14.000 1227.119
Knowledge 2.257 2.291 0.598
Experience 6.160 4.833 4.917
This table presents the descriptive statistics of all variables in our sample period t + 1. All variables
are defined as in Appendix B.
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Table 1 presents descriptive statistics for the variables in our final sample at period t + 1. Our dependent
variable, Misconduct, is typically O, as a significant proportion of firms report no instances of misconduct
in a given year. Specifically, 18.12% of firm-years record at least one instance of misconduct, which means
approximately 81.88% of firm-years in our sample report zero misconduct. This indicates that misconduct
is relatively infrequent among BD firms, underscoring the suitability of the anomaly detection approach in
this context. Within the subset of firm-years where misconduct is reported, the number of instances is highly
variable, ranging from 1 to 869, with an average of 8.86 and a standard deviation of 32.59. Regarding
control variables, Size and N-Advisors are skewed, primarily due to a small number of exceptionally large
firms. Overall, mean Misconduct per firm year sample wide is 1.605.

5. RESULTS

5.1. Main Findings

Figure 2 illustrates the average number of financial advisor misconduct in subsequent periods t + 1, t + 2,
and t + 3, sorted by quintiles of ApEn:. ApEn; represents the approximate entropy of earnings from period
1 through t for a given BD firm, requiring at least four years of earnings data. There is an observable
disparity between the highest quintile (Q5) and the lowest (Q1), as well as between the upper-middle (Q4)
and lower-middle quintiles (Q2) across each plot. While Figure 4 is intended for descriptive analysis, it
does suggest a positive association between prior ApEn and future misconduct.

FIGURE 2
Average Number of Future Misconduct by Quintile of Approximate Entropy (ApEn)
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To test the association between the approximate entropy of BD firms’ earnings (ApEn) measured through
period t and the number of misconduct (Misconduct) in future periods, we estimate the following model:
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Misconductit+p = fo + S1APENit + S2Volatilityit + f3Sizeiwp + SaN-AdVISOrS; t+p 1)
+ psKnowledgei+p + SeEXperienceitp + €t+p

where Misconduct; i+, represents the number of misconduct for BD firm i in period ¢ + p, with p =1, 2, and
3, respectively, controlling for BD firm’s size (Size), number of financial advisors employed by BD firm
(N-Advisors), financial advisor knowledge (Knowledge), BD firm age (Firm-Age), and financial advisor
experience (Experience) in the same period (¢ + p).

TABLE 2
Association between Prior Approximate Entropy (ApEn) of Time
Series of Broker-Dealer Firm’s Earnings and Future Misconduct
Dependent Variable: Misconduct
Variables Coefficients/Statistics
t+1 t+2 t+3
Intercept 0.962 0.872 0.826
(1.261) (1.039) (0.917)
ApEnN 0.511 0.806 0.614
(4.057)***  (4.308)*** (2.574)**
Volatility -0.144 -0.144 -0.180
(-3.926)***  (-3.636)***  (-4.408)***
Size -0.012 -0.012 0.013
(-0.312) (-0.294) (0.275)
N-Advisors 0.009 0.009 0.009
(19.336)*** (18.579)***  (18.261)***
Knowledge 0.383 0.445 0.493
(6.490)***  (6.644)*** (6.445)%**
Experience -0.024 -0.026 -0.025
(-3.043)%**  (-3.020)***  (-2.546)**
Adj-R? 55.04% 54.59% 54.79%
F-stat 148.91 139.31 133.06
Year Fixed Effects YES YES YES
BD firm-years 40,692 35,283 30,383
BD firms 5,409 4,900 4,478
mean firm-years 7.523 7.201 6.785
This table presents OLS regression results on the Association between prior Approximate
Entropy (ApEn) of the time series of BD’s earnings and future misconduct from the sample
period of 2006-2019, as defined in Equation (1). Variables are defined in Appendix B.
The symbols ***, ** and * denote the significance at the 1%, 5% and 10% levels,
respectively.
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Table 2 presents results on the three panel regression equations in Equation (1).1! The ApEn: coefficient is
statistically significant for predicting misconduct in the three future periods t + 1, t + 2, and t + 3. These
findings suggest that irregularities in BD firms’ earnings is a marker of ongoing misconduct that will
become apparent in subsequent periods. Specifically, a 1% increase in ApEn at the end of period t is
associated with a 51.1% increase in misconduct instances in year t + 1, a 80.6% increase in misconduct
instances in year t + 2, and a 61.4% increase in misconduct instances in year t + 3. Given that the average
number of misconduct in a given year at a BD firm over our sample period is 1.605, a 1% increase in ApEn;
translates to an increase of 0.82, 1.29, and 0.99 misconduct instances in yearst + 1, t + 2, and t + 3,
respectively. To put these findings into perspective, we estimate the economic significance of our findings.
According to Egan et al. (2019), the average settlement per misconduct is approximately $550,000. Based
on our findings, a 1% increase in ApEn; is associated with additional misconduct that could potentially
result in damages of roughly $451 thousand in the first subsequent year, and $711 ($542) thousand in the
second (third) year. The adjusted R-squared values for our estimations are approximately 55% for each
period, indicating a strong model fit.*2 These figures highlight the substantial financial consequences
associated with identifying earnings irregularities in BD firms and the potential costs of misconduct likely
to surface in subsequent periods. The strong link between earnings irregularities and future misconduct
underscores the importance of early detection and monitoring of such irregularities. Hence, proactive
measures to identify these issues early can significantly reduce the financial impact of misconduct.

The coefficient on Volatility is of the wrong sign and therefore, is not significant in a one-tailed
test. The implications of this finding are that, while ApEn is an effective indicator of undetected
misconduct, time series properties of earnings, in and of themselves, are not. The coefficients on the
control variables, aside from Size, are statistically significant using two-tailed tests, with the directions
that are generally consistent with prior literature, with the exception of Knowledge. The positive
relationship between Knowledge and Misconduct may stem from the fact that financial advisors who have
passed the Series 66 or 65 exams are more likely to be investment advisors (Egan et al. 2019). As
investment advisors, they often have a broader range of opportunities and avenues to engage in
misconduct compared to those who are solely brokers.

5.2. Tests of Robustness

To ensure the robustness of our findings, we re-estimate Equation (1), while also controlling for current
period Misconduct in time ¢, in the event that current period Misconduct signals future Misconduct.
Controlling for current period Misconduct is also necessary, to the extent that ApEn may reflect disruptions
to earnings predictability due to BD misconduct that is already known. When controlling for Miconduct,,
the statistical significance of ApEn did not change. The t-stats for Miconduct; were significant at .01 for all
three future periods (see supplement). These findings suggest that controlling for current period misconduct
does not undermine the ability of ApEn as an indication of future misconduct, while also serving as an
indication.

We also conducted additional tests (untabulated). The only independent variables correlated at greater
than .3 (Pearson) are Size with Volatility and N-Advisors. Regressing Equation (1), but without the Size
coefficient, which was not found to be statistically significant, produced negligible changes to our findings.
We also addressed the potential bias arising from FINRA’s practice of purging BD firms from their database

1 For the sake of parsimony, the results shown in Tables 1 and 2 exclude Firm-Age. Firm-Age was not significant
nor had an appreciable effect on other variables or on the adjusted R-squared of the regression estimation.

12 Including ApEn in the regression equation increases the adjusted R-squared by 1.4% compared to a model that
only includes the Table 2 control variables.
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when they have been inactive for more than 10 years. As a result of this practice, our sample contains fewer
firms in the later years.

To mitigate concern that our findings in Table 2 might be driven by firms that become inactive (possibly
due to a higher propensity to engage in misconduct), we also re-estimated the panel regression Equation
(1), while eliminating all firms that did not survive the sample period. The coefficient for ApEn; remains
significant at .01, confirming our main findings.

We also check the robustness of our analyses to selection of the parameters used in calculating ApEn. We
found that the significance of our main findings remains robust when setting r = 0.5 * std(x) £ 0.1 * std(x).
Furthermore, our results also are robust to a five-year or greater limitation (compared to the original four-
year requirement) for calculating ApEn, despite the decrease in sample size from increasing the number of
years required for the ApEn calculation. The results of this robustness test confirm that our main findings
hold. We also find that the coefficients and t-statistics for our variable of interest, ApEny, increase slightly,
while the coefficients on most control variables become insignificant, except for N-Advisors. Overall, our
main findings remain significant.

6. CONCLUSIONS

Our study introduces a novel approach to detect and monitor financial advisor misconduct by using the
Approximate Entropy (ApEn) metric, which captures the irregularity and abnormality of time series data.
Utilizing the anomaly detection approach in forensic accounting and forensic finance, We find that
unpredictability of BD earnings, measured by Approximate Entropy, can serve as an indication of BD
misconduct reported in future one, two, and three-year periods. We also show that our findings have
substantial economic significance, highlighting the potential of ApEn as a useful tool for regulators,
investors, and other stakeholders to identify and mitigate misconduct risks in the broker-dealer industry.

We note that, in light of evidence from Dimmock et al. (2020), when interpreting our findings, future
misconduct likely may reflect undetected behavior, as opposed to misconduct that is yet to occur.
Regardless, our results motivate the exploration of more advanced data analyses techniques either to
supplant or to supplement traditional measures, such as earnings volatility. More broadly, our results add
to the body of research that explores approaches for mitigating residual losses arising from principal-agent
relationships.

APPENDIX A

Types of Financial Advisor Misconduct

Consistent with Egan et al. (2019), we adopt a specific approach to categorizing FINRA disclosure
events, which are incidents that must be reported during the licensing and registration process for brokers
and brokerage firms. In this study, we focus on six out of the 23 categories of disclosure events to define
misconduct. These categories include: Customer Dispute—Settled, Regulatory—Final, Employment
Separation after Allegations, Customer Dispute—Award/Judgment, Criminal—Final Disposition, and
Civil—Final.

The following definitions provided are sourced from FINRA, as cited in Egan et al. (2019) on page 291:
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Customer Dispute—Settled: This type of disclosure event involves a consumer initiated, investment-
related complaint, arbitration proceeding, or civil suit containing allegations of sales practice
violations against the advisor that resulted in a monetary settlement to the customer.

Regulatory—Final: This type of disclosure event involves (1) a final, formal proceeding initiated by a
regulatory authority (e.g., a state securities agency, self-regulatory organization, federal
regulatory agency such as the SEC, foreign financial regulatory body) for a violation of
investment-related rules or regulations or (2) a revocation or suspension of an advisor’s authority
to act as an attorney, accountant, or federal contractor.

Employment Separation after Allegations: This type of disclosure event involves a situation in which the
advisor voluntarily resigned, was discharged, or was permitted to resign after being accused of (1)
violating investment-related statutes, regulations, rules, or industry standards of conduct; (2)
fraud or the wrongful taking of property; or (3) failure to supervise in connection with investment
related statutes, regulations, rules, or industry standards of conduct.

Customer Dispute—Award/Judgment: This type of disclosure event involves a final, consumer-initiated,
investment-related arbitration or civil suit containing allegations of sales practice violations
against the advisor that resulted in an arbitration award or civil judgment for the customer.

Criminal—Final Disposition: This type of disclosure event involves a criminal charge against the
advisor that has resulted in a conviction, acquittal, dismissal, or plea. The criminal matter may
pertain to any felony or certain misdemeanor offenses, including bribery, perjury, forgery,
counterfeiting, extortion, fraud, and wrongful taking of property.

Civil—Final: This type of disclosure event involves (1) an injunction issued by a court in connection
with investment-related activity, (2) a finding by a court of a violation of any investment-related
statute or regulation, or (3) an action brought by a state or foreign financial regulatory authority
that is dismissed by a court pursuant to a settlement agreement.
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Variable Definitions

APPENDIX B

Variable Name

Description

Misconduct (t+p)

ApEn

Volatility

Misconduct (t)
Size
N-Advisors
Knowledge

Experience

Total number of categorized individual financial advisor’s disciplinary
events disclosed in the Financial Industry Regulatory Authority
(FINRA)’s BrokerCheck database scaled by the number of financial
advisors for a given BD firm-year. Events included the six (of 23) severe
professional misconduct events involving fraud or wrongdoing, following
Egan et al. (2019). Time t is the indication year and p = 1, 2, and 3,
respectively.

Approximate Entropy values computed using the “ApproximateEntropy”
function in MATLAB, withm=2,d =1, and r = 0.5 * std(x). This
function is applied to the time series of earnings for each BD firm.
Earnings are determined by the year-over-year change in total ending
assets minus the change in total ending liabilities (net assets). To compute
the time series, we require that the earnings data consist of at least four
years of observations, leading up to and including time t, the
prediction/indication year.

The natural logarithm of the standard deviation the BD earnings time
series calculated over the same period as ApEn (also minimum four years).

The scaled number of misconduct events, as defined above, in year t.
The natural logarithm of the ending total assets for a given BD firm-year
The number of advisors registered in FINRA in a BD firm-year.

The average number of qualification exams passed by BD’s advisors. We
include the six most common qualification exams (Series 6, 7, 24, 63, 65,
and 66), following Egan et al. (2019).

The average number of years of experience across BD’s advisors.
Following Egan et al. (2019), we calculate the experience as the number of
years since each advisor passes the first qualification exam.
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A VBA Function to Execute Batch Queries in Microsoft Access

Dr. John N. Dyer
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ABSTRACT

This paper is aimed at database teachers and practitioners using Microsoft Access database software for
teaching and learning or as a functional database platform. The appeal of Access is the relative ease of
designing and implementing a desktop database as well as query design capability. Access provides two
interfaces to write and execute queries; Query-By-Example (QBE) and SQL View. Either interface
allows creating select and action queries, with QBE having the advantage of being a graphical user
interface for visually designing select and action queries. Alternatively, structured query language (SQL)
can be written in and executed from the SQL View interface. Unfortunately, the QBE and SQL View
interface execute only one sqgl statement at a time, so if the user wants to execute multiple queries
(batch), each query must be written and executed one at a time, not in batch. Action queries often
require sequentially executing a long list of SQL Data Definition Language (DDL) and Data Manipulation
Language (DML) statements. From the teaching/learning and practitioner perspective, this is time
consuming and inefficient. As such, this paper will show an easy to implement Visual Basic for
Application (VBA) function that can be executed as a macro in Access to batch process SQL statements.

Keywords: Access Database, SQL, VBA, Batch Queries

INTRODUCTION

One of the primary deficiencies in Access is its inability to execute queries in batch, such as batch queries
creating database structures and action queries. This can create an enormous burden within the classroom
when teaching data design and development, and while implementing a myriad of various queries. In
practice, Access has also become a standard for rapid database application development (Microsoft
Access Database Development and Design Services (n.d.), (Wolfe, M. (2022, July 4), wherein executing
batch sql can be imperative in database design and implementation. Hence, the primary focus of this
paper relates to implementing a simple function in Access using Visual Basic for Applications (VBA) to
execute batch processing of sql, aimed at improvements in the classroom and for industry developers.

This paper will exemplify the ease and power of using VBA in Access to execute batch queries using
a simple function with a text file as input, just as enterprise RDBMS do through a work bench
or programmatic interface. As a result, and in addition to Access’s already powerful platform, it can
also be elevated to a level of batch processing sql statements that enterprise level RDBMS have. While
sections 2 through 6 are front matter discussing batch processing sql, Access and VBA, database
languages, data modeling, an overview of Access and VBA, and sql syntax issues, section 7 forward
exemplifies using VBA code to execute batch query operations. The front-matter and the code in
Appendix 3 contributes to the excessive length of this paper. Those familiar with the front-matter may
skip to section 7, and then move directly to implementing the function shown in Appendix 1. The
contents of this paper are presented to students in its entirety to ensure they are familiar with the
front-matter for a better understanding of sql processing.

BATCH SQL PROCESSING

Most enterprise level RDBMS have a work bench interface for writing and executing batch DDL,
Data Query Language (DQL), and Data Manipulation Language (DML) statements in a single
execution. MS SQL Server does so using Transa@8SQL, Oracle does so using PL/SQL, and MySQL
does so using the



MySQL Workbench. Instead of a workbench, Access has a QBE design grid and an SQL View wherein
SQL is written and executed.

A valid sql statement ends in the semi-colon (;), indicating the end of the statement. When an enterprise
RDBMS encounters the semi-colon in a batch of sql statements, it executes the first statement, and then
continues to executes each subsequent statement. The semi-colon is simply a delimiter separating sequential
sql statements. In SQL View, if Access finds more than one semi-colon, it results an error and does not
execute any of the sql statements. As such, QBE and SQL View can execute only one sql statement at a
time; not in batch. As previously stated, this paper solves the real-world problem of processing batch sql in
the Access development environment, whether the environment is academic or industry.

OVERVIEW: MS ACCESS AND VBA

Microsoft Access is among the most widely used RDBMS worldwide. From the classroom to industry,
Enlyft found that over 124,000 companies use Access (Microsoft Access Commands 7.7% market share in
Database Management System). It is also estimated that Access has almost 11% market share (Is Microsoft
Access being phased out in 2022), (Microsoft Access within an organization's overall database strategy). In
practice, Access is also commonly used as a design prototype prior to scaling to an enterpriss RDBMS,
such as Microsoft SQL Server. Additionally, many enterprise level RDBMS disallow direct access to the
server, and instead allow users to import data and perform analysis only in the Access desktop database
environment.

Access is a personal RDBMS from Microsoft that combines the Microsoft SQL Server Express (MSSE)
engine with a graphical user interface and development tools. Access stores data in its own format based
on the Access MSSE Engine. Although Access is considered a personal or desktop RDBMS, many faculty,
students and practitioners are familiar with Access, and it is commonly used as a platform for course
learning objectives, or a practitioner’s database design and implementation platform. As such, Access is
often used to mimic an enterprise RDBMS, with the added advantage of concept and design visualization,
user familiarity, ready availability, and ease of design, implementation, and management.

Many developers underestimate the power and potential of Access, combining a database engine (Access)
with a powerful front-end development interface called VBA. Due to Access’s power and functionality,
many companies develop database and integrated database solutions based on Access, from creating
complex queries to data integration and synchronization capabilities (Microsoft Access within an
organization’s overall database strategy), (Microsoft Access Experts: Microsoft Access Professional:
Access Consultants). Access can also bidirectionally link to data stored in other applications and databases,
and can serve as a front-end to a back-end MS SQL Server (Generative Al, phrase access front end sq!
server). Advantages of using Access include a powerful query designer, customizable forms and reporting
tools, automation macros, VBA programming interface, and scalability (Generative Al, phrase Microsoft
access advantages). Disadvantages of using Access primary relate to Access’s storage limit, number of
concurrent users, performance limitations, and security issues (The Knowledge Academy. (n.d.)) Microsoft
Access Database Limitations: All You Need To Know about. Microsoft Access Database Limitations).
Access was not designed to compete with enterprise level RDBMS, but instead fills a large gap between
the relative simplicity of Access versus the complexities of an enterprise system. None of the disadvantages
overpower the primary reasons for which Access is used in this paper.

DATABASE SQL LANGUAGES
For the typical database user, the primary database languages used are DDL, Data Query Language (DQL),

and DML. DDL is used to create, alter and delete database structures, including tables, indexes and views,
and includes commands to define and control the database. DDL statements are used to design and
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implement a database. The single DQL statement, SELECT, is used to retrieve data. DML is used to insert,
update and delete data, and is used to control and manipulate data. DDL statements include CREATE
TABLE, ALTER TABLE, and DROP TABLE, while DML statements include SELECT INTO, INSERT
INTO, UPDATE, and DELETE. DML statements are typically used during the operation of a database
(0365devx (n.d-a.).

DATA MODELING AND THE PHYSICAL MODEL

Database design includes modeling and implementing the database using conceptual, logical, and physical
models. A conceptual model is used to create an entity relationship diagram (ERD), and includes
determining tables, attributes, attribute types, and setting relationships between tables. The logical model
is used to convert the ERD to a relational schema, set the attribute data types, and specify attribute
constraints including Not Null, Unique, Primary Key, Foreign Key, Check, and Default. (SQL constraints.

(n.d.)).

The physical model is the generation of batch DDL statements to create the initial database structures. The
physical model does not generate DQL or DML statements, although they are often written and executed
in batch. ERD software is used to model data from the conceptual to the physical, creating the necessary
DDL statements. Vertabelo is enterprise level data modeling software that is freely available to faculty and
students, with full functionality and up to 100 models (Vertabelo). ERDPlus is free academic software that
is good for smaller projects, but also creates the DDL sql statements (Info@erdplus.com. (n.d.)).

The primary difference in the sql output between the two programs is that while ERDPIlus generates batch
statements, wherein related tables include foreign key references, Vertabelo first creates all tables, and then
uses the ALTER statement to add foreign key references to the related tables. Additionally, ERDPlus does
not allow specifying Check or Default constraints in the logical view, while Vertabelo does.

SQL SYNTAX ISSUES

Syntax among different RDBMS often vary, meaning that when using Access, the sql syntax from the
physical model might need to be modified. For example, this occurs when a primary key is an auto
increment integer data type. While the syntax in Access and SQLite is AUTOINCREMENT, MySQL uses
AUTO_INCREMENT, MS SQL Server and PostgreSQL use IDENTITY(), and Oracle uses SEQUENCE.
What may be confusing is that when a table is created in Access Design View, the data type syntax is
AUTONUMBER, but when creating a table programmatically, the syntax is AUTOINCREMENT.

Additionally, creating a table in Access Design View allows attribute data types that must be specified
differently than in writing the sql (SQL data types for MySQL, SQL Server, and MS access. (n.d.)). Sql
implemented data types include Memo, LongText, Char(n), VarChar(n), Single, Double, Float, Bit, Date,
and Image (BLOB). Other incompatible data types in Access’s table design view include Short Text,
Hyperlink, Attachment, Calculated, and Lookup. One can use VBA functions to programmatically format
strings, numbers, and dates after the tables are created, which is out of the scope of this paper.

Access follows the SQL ANSI 89 standard which is not always compatible with some other RDBMS
physical models, but SQL ANSI 92 can be turned on in an Access database (Generative Al, phrase turn on
access ansi 92), which is recommended. It is also recommended that Vertabelo be used to develop the
physical model using MS SQL Server syntax, and then modify the subsequent sql syntax to be compatible
with Access data types if necessary.

Following implementation of the physical model, the next step is to insert data into the tables, using the
DML INSERT statement. Following data entry, one can use DML to update and delete data, as well as to
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create necessary views and parameter queries. Any number or combination of separate sql statements can
be executed in batch using the function, enabling fast execution of database structure creation, inserting,
updating and deleting data, and creating queries (views).

VBA FUNCTIONS & SUBROUTINES

Recall, Access SQL View executes only one sql statement at a time, so subsequent executions require one
to copy, paste, and execute each sequential sql statement. Fortunately, a simple VBA function can be
implemented to open a text file containing batch sql statements, and sequentially execute the statements.

VBA is a programming language developed by Microsoft and built into Access, Excel, and other MS Office
applications. VBA is a subset of Visual Basic (VB) and is not a stand-alone product. Common uses of VBA
are to automate tasks, create functions, subroutines, applications, and macros. VBA code is written and
saved in a module, and a module can be declared as either a function or a subroutine. In VBA, a function
returns a value, while a subroutine performs a task.

Access’s main user interface provides a left-side navigation pane to display objects, including tables,
queries, forms, reports, macros, and modules. All objects can be opened in Design View enabling inspection
or modification of the design. All objects except modules can be executed by double-clicking the object.
Existing modules are located at the bottom of the navigation pane, and double-clicking on an existing
module opens it in the VBA code window view. The top left pane displays projects, while modules are
nested under projects. The lower let pane displays module properties.

The steps for creating a module are simple. After creating a new Access database, the user can navigate to
Create > Macros & Code > Module, as shown in Image 1.

Image 1

File Home Data Analyticsl Create |Externa| Data Database Tools Help Tell me what you want to do

5 EE D BEERD PG i T8

o®

&

Navigation v

a,
a

Application  Table Table SharePoint Query Query Form Blank __ Report Blank Macro @
Parts v Design  Lists v Wizard Design Design Form More Forms ~ Design Report v
Templates Tables Queries Forms Reports Macros & Code v

When the VBA code window is opened, a module can be written, edited, saved, reset, and executed in
the code window, as shown in Image 2 below. The default module name is Modulel, and after clicking the
save button one can change the name to reflect the function’s purpose, like RunSQL (recommended and
used in the paper). The module name can also be changed in the bottom left property pane.
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When the VBA code window opens, as shown above, the text “Option Compare Database” is displayed,
and should be deleted. Instead, the function is to be declared on the first line. The function declaration
consists of the word “Function,” followed by the function name, and the function argument parentheses
(null is this function). Function names cannot contain spaces, or start with a number or special character, or
be a keyword, or a VBA reserved word. Best practice for naming a function is using CamelCase notation,
like RunAllSql(), so this function declaration is “Function RunAllSql().” Another best practice is to name
functions using the Action-Object convention, where Action is a verb, and Object is a noun. Once the
function is declared, the next line is populated with “End Function.” The VBA code is written between the
function declaration and the “End Function” statement. Image 3 is a screen shot of the VBA code window
including the modified code to execute a batch sql file (Stackoverflow (n.d.). The Access database is named
RunSQL (Project name), the module is named Run_Sg/, and the function is named RunA/lSq/(). Note the
module name and function name must be different. Appendix 1 provides the VBA code that can be copied
and pasted into the module as shown below.

Image 3
#Microsoft Visual Basic for Applications - RunSQL - [Run_Sql (Code)] = o X
: ¥4 File Edit View Insert Debug Run Tools Add-Ins Window Help -8 X
EE-d T[> 0 B KT % @ Ln g, Col 29 <
Project - RunSq| E [(General) ~ | [RunAlisql ]
= _ Function RunAllSql () ol
E"‘%ﬁg"ﬂmuﬁ:‘"mu FF = FreeFile()
" Run_sql Open sglpath For Input As #FF
strSgl = Input (LOF(FF), #FF)
Close FF
FyzpEiles - Hn fo) & varsSgl = Split(strsqgl, ";")
‘Runqul Module ~ |
Alphabetic Categorized On Error Resume Next
(Name) Run_5ql For Each arraySgl In varSgl
CurrentProject.Connection.Execute arraysSql
Next
MsgBox "Query Complete"
End Function
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VBA FUNCTION TO EXECUTE DDL & DML QUERIES

Recall, DDL queries create database structures, DQL retrieves data using a SELECT statement, and DML
queries manipulate tables by inserting, updating, and deleting data. All queries, with the exception of
SELECT, are action queries that do not return values. For this paper, Appendix 1 provides the actual VBA
module function used to open the sql batch text file (RunSql.txt), execute the queries, and display a message
box to indicate completion of the program. The code can be copied and pasted into the VBA code window,
and saved. The user can execute the function directly from the VBA window by clicking the green triangle
button in the icon ribbon. If an error occurs, one can correct the code, and reset the project using the blue
square button in the icon ribbon. Following execution of the function from the VBA code window, one must
click the Save button to refresh the database and show the tables in the main Object Navigator.

Although it is not necessary to understand the VBA code, Appendix 2 provides an overview of the code and
function explanations. Example 5.1 shows the physical model sql used to create two related tables; Vendor
and Product. The column VID (Vendor primary key) is related to the Product table as a foreign key.
Keywords are upper case and table/attribute names are proper case. This sql can be copied from the physical
model and pasted into the RunSQL.txt file, and then executed. While this example executes only two
statements, if could be tens, hundreds, or more.

Example 5.1

CREATE TABLE Vendor (

VID AUTOINCREMENT NOT NULL,
Name VARCHAR(100) NOT NULL,
Phone VARCHAR(15) NOT NULL,
URL VARCHAR(100),

PRIMARY KEY (VID));

CREATE TABLE Product (
PID AUTOINCREMENT NOT NULL,
Title VARCHAR(100) NOT NULL,
Description VARCHAR(1000) NOT NULL,
UPC CHAR(12),
SKU VARCHAR(20)
ImgUrl VARCHAR(150),
PRIMARY KEY (PID),
FOREIGN KEY (VID) REFERENCES Vendor (VID));

Of utmost importance is that the batch sql statements are written using the correct Access sql syntax, that
each separate query in the batch ends with the semi-colon, that the text file is named RunSql.txt, and the
text file is located in the same path as the Access database file. Since the function depends on the relative
path location of the database file, one must save the text file in the same path. It is recommended that the
user create a file path like C:\DatabaseProject. After executing the function, the resulting tables and queries
can be viewed in the Access object navigation pane.

EXECUTE DQL SELECT QUERIES

In enterprise RDBMS, a view is the result of a SELECT query, and the function in Appendix 1 will execute
batch views in Access. For the purposes of this paper, view and query are synonymous. Once a view is
created, it is available in the navigation pane under Queries, and can be executed as needed. Example 7.1
reflects the sql statement to create a view, and can be pasted into the RunSql.txt file and the function
executed. The syntax in Example 7.1 means that, immediately following CREATE VIEW, specify a view
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name (ViewName), and then following SELECT, specify column(s) to be projected, and then following
FROM, specify the table(s) from which the column(s) are projected. A view can also be a very advanced
query including aggregate functions, calculated columns, where and group by statements, nested queries,
joins, and union compatible operators, among others. Dropping views can also be executed in batch using
the SQL shown in Example 7.2. It should be noted that neither CREATE VIEW nor DROP VIEW can be
executed in Access’s SQL View, only using VBA.

Example 7.1

CREATE VIEW ViewName AS
SELECT columnl, column?2, ...
FROM table(s)

WHERE condition(s);

Example 7.2
DROP VIEW ViewName;

Alternatively, batch SELECT INTO statements can be used to create a new table(s) (NewZTable) from
existing table(s) (ExistingTable). But the data in a new table is static, and the next execution of the view
results in deletion and recreation of the table. Example 7.3 reflects the sql used to select existing columns

into a new table from an existing table. This sql can also be very advanced, as was discussed in Example
7.1

Example 7.3

SELECT columnl, column?2, ...
INTO NewTable

FROM ExistingTable;

EXECUTE DQL PARAMETER QUERIES

A parameter query is a query that prompts the user to enter a parameter value to select specific records from
the database. A parameter query in Access is known as a PROCEDURE in enterprise level RDBMS. In
enterprise databases, procedures are subroutines that contain one or more sql statements that perform a
specific task. Parameter queries are most useful when a query needs to be repeated, but with different input
criteria. When a parameter query is executed, it displays a dialog box that prompts the user for an input
value. A parameter query can be created in Access QBE or SQL View, and the function in this paper can be
used to create procedures alone, or in batch. While the Access SQL View does not recognize the keyword
PROCEDURE, procedures can be executed from the RunSq!.txt file. A procedure always contains a name,
parameter lists, and an SQL statement. Example 7.4 reflects the code to create a procedure, but it can be
much more advanced. Following execution, the parameter query appears in the Object Navigator under
Queries, just as Views appear.

Example 7.4

CREATE PROCEDURE ProcedureName (Parameter Datalype) AS
SELECT columnl, column2, ...

FROM TableName

WHERE column OPERATOR Parameter;

A View can also be modified in Access SQL View to execute like a procedure. The sql in Example 7.1 can

be written to include a WHERE criteria that can be manually modified after the views are created. A trick
is used in a WHERE statement to set the column equal to itself (in square brackets), then modify the right
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side of the equality “[column]” for each view. Example 7.5 reflects the view syntax using the WHERE
criteria.

Example 7.5

CREATE VIEW ViewName AS
SELECT columnl, column2, ...
FROM TableName

WHERE column = [column];

The first word column following the WHERE statement is a criteria column name. Since a parameter query
in Access requires square brackets [ |, and square brackets are reserved in VBA, the view can only be
executed using the modified syntax column = [column], where column is a place holder for a column name.
Setting the word column in [column] to anything other than the actual column name will result in an error
when the function is executed. For example, if the column name is Purchase Date, the parameter query
would prompt the user to enter a date, and then the query would return data where the Purchase Date = the
date entered [in brackets]. To clarify, suppose the WHERE statement in Example 7.5 is followed by
Purchase Date = [Purchase_Date], the query would reflect the same criteria. To convert to a parameter
query, the statement criteria would appear as WHERE Purchase Date =[Please Enter Date]. The user enter
a date when prompted and the view would then execute as a parameter query.

VBA FUNCTION EXAMPLE

An obstacle in database education and practice is the lack of large and realistic models that aid in teaching,
learning, and practice of design, implementation and database use. Most textbook examples are limited in
the sense that to design and populate a real database model, and to be of much value, scores of sql statements
must be executed. And while structured schemas and data files may exist, they exemplify only one of scores
of database platforms, hence often requiring significant syntax modification.

Oracle released a well know database schema named Sakile Sample Database to exemplify the design and
implementation of the open-source MySQL database. The schema and data were first released in 2005 with
subsequent release versions including various views, procedures, and triggers. The sample database is
available at https://dev.mysql.com/doc/index-other.html, along with other smaller and limited sample
databases. A brief description of Sakila is a normalized schema that models a DVD rental store with two
locations and two employees. It includes tables and relationships about films, actors, film-actor
relationships, a central inventory table, customers, and more. Available from the above-referenced URL,
the sakila-schema.sql file contains all the sql statements required to create the structure of the Sakila
database including tables, views, stored procedures, triggers, and functions. The sakila-data.sq! file
contains the sql statements required to populate the database, along with definitions for triggers that must
be created after the initial data load. The interested reader is encouraged to visit the URL, download all
relevant files, and review the documentation, design schema, and data. MySql documentation also provides
6 usage examples exemplifying common operations of the database (Sakila sample database:: 6 usage
examples. MySQL. (n.d.)).

The Sakila MySQL database converted to Access is available at
https://excelclasstraining.com/downloads/Sakila.accdb (Excel Class Training (2021, May 3)). For reason
unknown, the ERD provided in the MySQL documentation appears to have relationship participation
reversed. The modified ERD shown in Image 4 below was created for this paper, and the subsequent
physical model in Vertabelo was developed for SQL Server syntax. The purpose of this paper is not to
document or comment on any aspects of the Sakila database, but to exemplify an easy to implement
function to execute batch sql statements, thus creating the table/relationship structures, populating the
database, and create views and parameter queries. The physical model syntax resulting from this ERD is
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directly compatible with Access sql syntax, so no modifications are required to create the Access database
structure. The DDL statements for creating the database structure of tables and relationships is shown in
Appendix 3. The sql can be copied, pasted, and saved into the RunSql.txt text file. The DML INSERT
statements from Oracle are entirely too long to edit and modify the syntax for this paper. The file contains
MySQL specific syntax, functions, trigger, and views that are not relevant for populating the modified
Sakila schema. All files related to this paper are anonymously shared on the file sharing website named
OnionShare. The files can only be downloaded using the anonymous web browser Tor Browser at URL
https://www.torproject.org/. After downloading the installing the browser, the OnionShare URL given
below can be pasted into the 7or Browser and all files can be downloaded. The OnionShare URL is
http://dor7nuho2w6tiwzmmovvqu2bw5ngfa6bss63fz7suumybssjnmSzscyd.onion/. File sharing applications
in providing anonymity, downloading, revising and versioning in academic research are now commonplace
using sites such as OnionShare, GitHub, Source Forge, and others.

Downloadable files in OnionShare include the starting Access database file (RunSgl.accdb) with the
embedded module (Run_Sg/) and function execution macro pre-installed (RunAllSql), an importable
module file (RunSql.bas), the RunSql.txt text file (Appendix 4), and the Access database solution file
(RunSqlSolution.accde). An additional file, RunSql2.txt, contains the DML INSERT statements to insert
200 rows of data in the database table named Acfor. The data can be copied and pasted into the RunSql.txt
file and executed to populate the Actor table. Section 12 references other prepared DDL and DML statement
files to exemplify using our VBA function to create a database structure and populate the database.
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CLASSROOM COVERAGE

This paper is used in an undergraduate course in database, with a primary course focuses on design,
implementation, and simple to advanced queries using Access. A prerequisite is a course in Python, so the
students are familiar with programming concepts. Fortunately, the VBA function in this paper does not need
to be understood from a programming perspective, since application of the function is the focus.

In this author’s course, myriad conceptual, logical, and physical model examples are demonstrated to
students during database design lectures, using Vertabelo to create ERDs with the relational schema, and
the DDL statements required to create the database structure. At this stage, students are shown how the SQL
View in Access can execute only one sql statement at a time, while discussing the programmatic method to
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run batch sql in Access. The demonstrations are typically small ERD models using only 2 to 4 related
database tables, as a primary focus in the design phase understanding business and end user requirements
for data, creating tables and relationships, determining attribute data types and constraints, and generating
the DDL to create the database structure. Students are required to replicate the modified Sakila design
shown in Image 4 for a grade. While DDL is the focus in the design component of the course, DML and
DQL are the focus of studies in basic and advanced sql.

For the classroom, there are very few large-scale learning databases available. As it happens, the textbook
used in this author’s course presents two useable databases, that while not of large-scale, are more complete,
including DDL, DML, and DQL queries. The databases are named ZAGI, ZAGIMORE, HAFH, and
HAFHMORE. Fortunately, the database schema (DDL), DML, and DQL are provided free to registered
teachers and students at Teradata University (https://www.teradata.com/university/overview). Once
registered, the database files (supplementary materials) are available at
https.//dbtextbook.com/supplementary.html. The DML for both databases is provided in the link titled
Chapter 5 SOL Statements Microsoft SQL Server. DML and DQL statements are available in the links titled
ZAGIMORE INSERT INTO statements Microsoft SOL Server and HAFHMORE INSERT INTO statements
Microsoft SOL Server. SQL Server files are selected as they have the closest syntax to Access, although
some modification may be required. Following design and population of data, the files also contain a
multitude of DQL SELECT statements.

Students are required to discover any syntax issues in the sql files, and correct them if necessary. They are
encouraged to run a few queries in Access SQL View to ensure correct syntax. Given the syntax is correct,
they are required to design and populate the two databases using the VBA function in Appendix 1. The most
common issue in the execution of the queries is syntax, for which the function will ignore and move to the
next sql statement. This is due to the code statement “On Error Resume Next” which does not return an
error warning. As an example, any one or more DDL statements may have a syntax error, but the program
executes every statement except those with errors. The same can happen with DML INSERT statements.
Since there are no warnings, students should inspect the database to ensure each table was created and
populated correctly. Following implementation of each database, students are required to perform multiple
queries from the database for graded exercises. For teachers needing only the implemented databases to
further sql studies, the databases can quickly be created and distributed to students instead of requiring the
design and implementation components, or downloaded from the OnionShare website and distributed to
students.

CLOSING NOTES

In many scenarios in Access, modules are assigned to and executed from macros, which simplifies
execution while hiding or password protecting a module. This is the case for non-developers, wherein
modules usually have no reason to be visible in the Object Navigation pane. The file in OnionShare
(RunSql.accdb) has the module assigned to a macro. Recall, if executing from the VBA code editor, the
Save button must be clicked to make the tables appear in the Object Navigator. When executing the macro
(RunAllSql) from the Object Navigator pane, the tables will immediately appear. The macro design is shown
in Image 5 below.
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Although the module in this paper performs the initial task of performing batch query statements, it must
be declared as a function since only a function can be assigned to a macro in Access, and not a subroutine.

Such is the case with this paper, as a double-click on a macro to execute the function is preferred over
manually executing the function in the VBA code window.

To ensure the function and macros run, one must relax the security settings in Access and allow macros to
run. Additionally, the Developer tab must be added to the menu ribbon. The Developer tab provides access

to advanced features like writing macros and importing XML files. It is available in all versions of Access
and Office 365, but it is not enabled by default.
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APPENDIX 1
Function RunAllSql()
FF = FreeFile()
Open CurrentProject.Path & "\RunSql.txt" For Input As #FF
strSql = Input(LOF(FF), #FF)
Close FF
varSql = Split(strSql, ";"
On Error Resume Next
For Each arraySql In varSql
CurrentProject.Connection.Execute arraySql
Next
MsgBox "Query Complete"

End Function
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APPENDIX 2

The code in Appendix 1 opens the file (RunSqltxf) specified by the given path and file name,
CurrentProject.Path & "\RunSgl.txt, then reads each line from the file (sql statements). The
CurrentProject.Path property tells the program the relative path of the file being used. Each line in the file
is stored in the varSq/ variable. The varSql variable is then added to the arraySql array. Once all of the lines
have been read from the file, the file is closed. The code then loops through the arraySql array and executes
each sql statement. The CurrentProject. Connection. Execute method is used to execute the sql statements.

The FreeFile() function is used to get the next available file handle, and the default is 0 (0365devx. (n.d.)).
It returns a unique integer number to a file and makes the file available to open, read, or write in VBA.
The Input() function is then used to read the entire contents of the file into the variable st7:Sq/ (Generative
Al, phrase Input() function vba). The LOF() function is used to get the length of the file in bytes (0365devx.
(n.d.-b)). The file number argument must be an integer that contains a valid file number, from FF.
The Close statement is then used to close the file. The Split() function is then used to split the
string strSq/ into an array of strings, using the semi-colon character (;) as the delimiter. The resulting array
is assigned to the variable varSql. The On Error Resume Next statement is used to suppress any errors that
may occur during the execution of the code (Generative Al, phrase On Error Resume Next). The MsgBox
function displays a message to indicate the completion of the function.
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APPENDIX 3

CREATE TABLE Actor (

AID integer NOT NULL,

FirstName varchar(25) NOT NULL,

LastName varchar(25) NOT NULL,
CONSTRAINT Actor_pk PRIMARY KEY (AID));

CREATE TABLE Actor Film (
Actor_AID integer NOT NULL,
Film FID integer NOT NULL);

CREATE TABLE CAT Film (
Category CATID integer NOT NULL,
Film FID integer NOT NULL);

CREATE TABLE Category (

CATID integer NOT NULL,

CatName integer NOT NULL,

CONSTRAINT Category pk PRIMARY KEY (CATID));

CREATE TABLE Customer (

CID integer NOT NULL,
FirstName varchar(25) NOT NULL,
LastName varchar(25) NOT NULL,
Street integer NOT NULL,

City integer NOT NULL,

State character(2) NOT NULL,

Zip integer NOT NULL,

Phone varchar(14) NOT NULL,
Email varchar(50) NOT NULL,
MemberSince date NOT NULL,
CONSTRAINT Customer_pk PRIMARY KEY (CID));

CREATE TABLE Film (

FID integer NOT NULL,

Title varchar(100) NOT NULL,
Description varchar(255) NOT NULL,
YearReleased character(4) NOT NULL,
RentalDuration varchar(1) NOT NULL,
CostToReplace decimal(4,2) NOT NULL,
RentalRate decimal(4,2) NOT NULL,
Length integer NOT NULL,

Rating varchar(10) NOT NULL,
SpecialFeature SFID integer NOT NULL,
Language LID integer NOT NULL,
CONSTRAINT Film_pk PRIMARY KEY (FID));

CREATE TABLE FilmsRented (

RentalLine integer NOT NULL,
LinePrice integer NOT NULL,
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Rentallnvoice RID integer NOT NULL,
Inventory IID integer NOT NULL,
CONSTRAINT FilmsRented pk PRIMARY KEY (RentalLine));

CREATE TABLE Inventory (

IID integer NOT NULL,

Film FID integer NOT NULL,

Store STID integer NOT NULL,

CONSTRAINT Inventory pk PRIMARY KEY (IID));

CREATE TABLE Languages (

LID integer NOT NULL,

Lang varchar(10) NOT NULL,

CONSTRAINT Language pk PRIMARY KEY (LID));

CREATE TABLE Payment (

PID integer NOT NULL,

DatePaid date NOT NULL,

Amount decimal(4,2) NOT NULL,

PmtType varchar(15) NOT NULL,

Customer CID integer NOT NULL,

Store STID integer NOT NULL,

Staff SID integer NOT NULL,

CONSTRAINT Payment_pk PRIMARY KEY (PID));

CREATE TABLE Rentallnvoice (

RID integer NOT NULL,

DateRented date NOT NULL,

DateReturned date NOT NULL,

Payment PID integer NOT NULL,

Customer CID integer NOT NULL,

Store STID integer NOT NULL,

Staff SID integer NOT NULL,

CONSTRAINT Rentallnvoice pk PRIMARY KEY (RID));

CREATE TABLE SpecialFeature (

SFID integer NOT NULL,

Feature varchar(50) NOT NULL,

CONSTRAINT SpecialFeature pk PRIMARY KEY (SFID));

CREATE TABLE Staff (

SID integer NOT NULL,
FirstName varchar(25) NOT NULL,
LastName integer NOT NULL,
Street varchar(50) NOT NULL,
City integer NOT NULL,

State varchar(2) NOT NULL,

ZIP varchar(5) NOT NULL,
Phone integer NOT NULL,

Email varchar(50) NOT NULL,
Position varchar(10) NOT NULL,
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DOH date NOT NULL,

Active integer NOT NULL,

Store STID integer NOT NULL,

CONSTRAINT Staff pk PRIMARY KEY (SID));

CREATE TABLE Store (

STID integer NOT NULL,

Street varchar(50) NOT NULL,

City varchar(25) NOT NULL,

State varchar(2) NOT NULL,

Zip integer NOT NULL,

Phone varchar(14) NOT NULL,

Email varchar(25) NOT NULL,

CONSTRAINT Store_pk PRIMARY KEY (STID));

ALTER TABLE Actor_Film ADD CONSTRAINT Actor Association
FOREIGN KEY (Actor_AID)
REFERENCES Actor (AID);

ALTER TABLE CAT Film ADD CONSTRAINT Cat_Film
FOREIGN KEY (Film_FID)
REFERENCES Film (FID);

ALTER TABLE CAT Film ADD CONSTRAINT Category Association
FOREIGN KEY (Category CATID)
REFERENCES Category (CATID);

ALTER TABLE Film ADD CONSTRAINT Film Language
FOREIGN KEY (Language LID)
REFERENCES Languages (LID);

ALTER TABLE Film ADD CONSTRAINT Film_SpecialFeature
FOREIGN KEY (SpecialFeature SFID)
REFERENCES SpecialFeature (SFID);

ALTER TABLE Actor_Film ADD CONSTRAINT Film_association_1
FOREIGN KEY (Film_FID)
REFERENCES Film (FID);

ALTER TABLE FilmsRented ADD CONSTRAINT FilmsRented Inventory
FOREIGN KEY (Inventory IID)
REFERENCES Inventory (IID);

ALTER TABLE FilmsRented ADD CONSTRAINT FilmsRented Rentallnvoice
FOREIGN KEY (Rentallnvoice RID)
REFERENCES Rentallnvoice (RID);

ALTER TABLE Inventory ADD CONSTRAINT Inventory Film

FOREIGN KEY (Film_FID)
REFERENCES Film (FID);
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ALTER TABLE Inventory ADD CONSTRAINT Inventory Store
FOREIGN KEY (Store_STID)
REFERENCES Store (STID);

ALTER TABLE Payment ADD CONSTRAINT Payment Customer
FOREIGN KEY (Customer_CID)
REFERENCES Customer (CID);

ALTER TABLE Payment ADD CONSTRAINT Payment_Staff
FOREIGN KEY (Staff SID)
REFERENCES Staff (SID);

ALTER TABLE Payment ADD CONSTRAINT Payment Store
FOREIGN KEY (Store_STID)
REFERENCES Store (STID);

ALTER TABLE Rentallnvoice ADD CONSTRAINT Rentallnvoice Customer
FOREIGN KEY (Customer CID)

REFERENCES Customer (CID);

ALTER TABLE Rentallnvoice ADD CONSTRAINT Rentallnvoice Payment
FOREIGN KEY (Payment PID)

REFERENCES Payment (PID);

ALTER TABLE Rentallnvoice ADD CONSTRAINT Rentallnvoice Staff
FOREIGN KEY (Staff SID)

REFERENCES Staff (SID);

ALTER TABLE Rentallnvoice ADD CONSTRAINT Rentallnvoice Store
FOREIGN KEY (Store_STID)

REFERENCES Store (STID);

ALTER TABLE Staff ADD CONSTRAINT Staff Store

FOREIGN KEY (Store STID)
REFERENCES Store (STID);
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Abstract

The COVID-19 pandemic had a dramatic impact on the U.S. healthcare system and the rest of the
world. It impacted individuals both personally and professionally. It impacted individuals’ health status
as well as their families, their professional lives, and their mental wellness. It impacted how health
services were delivered and how the labor force provided services. Many individuals left the workforce,
which has created a continued work force shortage in both clinical and administrative healthcare
positions.

Many individuals are still grappling with the impact the pandemic had on their lives which has had a
huge impact on the role of human resource management departments in healthcare organizations. It
was typically thought of as an administrative department which focused on payroll, employee benefits
and employee-related legislation. In 2022, Mental Health of America surveys of clinical and
administrative employees indicated reports of severe burnout, stress, and emotional exhaustion which
required more mental wellness support from the HR department. Recent surveys continue to support
these feelings. When employees are experiencing negative feelings from the workplace, it also impacts
their personal lives. As a result of these mental health issues, there continues to be both nursing and
physician shortages in the U.S., increasing turnover rates. As a result of the contagion level and
mortality rates of COVID 19, healthcare employees who offered indirect services were working
remotely. This case study will provide insight into how HR departments were required to change from
the perspective of a newly hired HR manager, Maisy Mcnabb.

Target student population: undergraduate

This case study outline will include bullet points of the narrative from Maisy McNabb’s perspective, 5
end of case study discussion questions and 5-7 highlighted core concepts.
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ABSTRACT:

Global life expectancy continues to increase. Therefore, the success of financial management decisions has
become increasingly important. A generation’s view on financial wealth and planning could
significantly affect their financial decisions. In addition, the shift of generations certainly makes
significant impacts on economic activities. Moreover, the size of a generation also would affect its influence
onthe macroeconomy. As Generation Z is or will be moving to the role of decision makers in business
and industry, increasingly literature explores their financial habits, behaviors, and investments.
Furthermore, this could help policy makers and financial institutions develop strategies to better support
and/or correct their financial behaviors. This is a follow up studies that assess attitudes towards
financial wealth across countries and across generations. One study compared attitudes of Generation
X across the United States and Korea. A second study compared attitudes of Generation X and
Millennials in the United States. A third study assessed relative attitudes toward financial wealth
between Millennials among the United States, Colombia, and China. The purpose of this paper is to
compare relative attitudes toward the financial independence, risk taking and trust of outsiders for
financial needs between Generation X, Millennials, the Generation Z, specifically in the United
States. This paper focused on college-enrolled students to utilize a homogeneous sample. The data well
represents the attitudes of both males and females. In addition, most respondents are never married and
have at least some four-year college education. Using a survey instrument, nine questions are  designed to
capture respondent attitudes across the three dimensions of the study: financial
independence, risk taking, and trust of outsiders for financial needs. Again, this paper studies
whether differences exist in the attitudes across three generation groups in the importance of financial
independence, risk taking, and the trust for outsiders for their financial advice. In this paper, first, the
results for the three groups are compared to determine similarities and differences that might
impact their attitudes toward financial wealth. Second, a pairwise comparison is done between the
three groups. Finally, the results are discussed in terms of findings and possible explanations for
similarities and differences across the three groups. It is not surprising that this paper finds that,
Millennials and Generation Z acknowledge the importance of financial independence, and they are
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ABSTRACT

With the onset of the war between Russia and Ukraine in 2022, we have witnessed extensive
changes in the European economy and global energy markets. The successive sanctions imposed
by the European Union and its allies, such as the United States, Japan, and South Korea, have
altered Russia’s energy consumption patterns, oil imports/exports, and target markets. Non-
democratic countries and allies of Russia, such as China, purchase energy-related goods from
Russia at low prices and in high volumes. Additionally, Turkey’s fluctuating policy, which
leverages its geopolitical position regarding energy supply to the European Union, has also
played a role. Turkey’s geopolitical stance, which does not fully align with the democratic values
of the European Union, along with India’s continued import of energy from Russia, has

somewhat mitigated the impact of the sanctions.

As time progresses, the effects of these sanctions are becoming increasingly evident in the
Russian economy and the volume of energy it exports. Concurrently, the European Union has
made significant efforts to restrict energy imports from Russia, set price caps on energy-related
products from Russia, enhance the use of renewable energy, conserve fossil fuels, and import

energy from allied countries. In essence, Russia’s military aggression against Ukraine has acted
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as a catalyst, accelerating the achievement of major projects such as the European Green Deal
(EGD) and REPowerEU. It is anticipated that, shortly, the European Union will achieve minimal
dependence on fossil fuels and green continental energies. In this paper/presentation we discuss

the abovementioned changes and their consequences in more details.
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From mean-variance analysis to mental accounting and back:

Bridging contributions of Markowitz to portfolio selection

Abstract

Modern portfolio theory considers investors whose preferences are often represented by a
function defined over the means and variances of portfolio returns and specified with a risk
aversion coefficient; see Markowitz (1952). In Das et al. (2010), however, Markowitz and
three co-authors consider an investor who has: (i) mental accounts (hereafter, ‘accounts’)
with different investing motives; (ii) preferences within an account that are specified by
some maximum threshold probability of the account’s return being less than or equal to
some threshold return; and (iii) threshold probabilities and threshold returns (hereafter,
‘thresholds’) that possibly vary across accounts. Like the optimal portfolio in Markowitz’s
model, optimal portfolios within accounts in Das et al.’s model are on the mean-variance
frontier and so is the corresponding aggregate portfolio if short selling is allowed. Bridging
Markowitz’s contributions, several analytical results are here uncovered. These results en-
compass: (1) the losses arising from misspecifying a risk aversion coefficient in Markowitz’s
model; (2) the impact of using thresholds instead of a risk aversion coefficient to specify
investor preferences on portfolio selection; and (3) the risk aversion coefficients of investors
in Markowitz’s model who select the same portfolios as an investor in Das et al.’s model

selects within accounts.

Keywords: modern portfolio theory; mean-variance analysis; mental accounting; tail risk;

behavioral finance.

JEL Classification: G11
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1. Introduction

The origins of modern portfolio theory can be traced to the seminal paper of Markowitz
(1952). In his model, investors assess portfolios based on their expected rewards and risks.!
The expected reward of a portfolio is measured by the mean of the portfolio’s future return
(hereafter, ‘mean’ or ‘expected return’). The risk of a portfolio is measured by the variance
or standard deviation of the portfolio’s future return (hereafter, respectively, ‘variance’ and
‘standard deviation’). Since Markowitz considers investors who prefer the portfolio with the
smallest variance among portfolios with the same mean, they select portfolios on the mean-
variance frontier. A portfolio is on the mean-variance frontier if there is no portfolio with
the same mean and a smaller variance. In order to locate an investor’s optimal portfolio on
this frontier, the investor’s preferences are often represented by a function defined over the
means and variances of portfolios and specified with a risk aversion coefficient.?

In Das et al. (2010), however, Markowitz and three co-authors note that modern portfolio
theory does not address the practical fact that an investor might have: (i) various investing
motives such as retirement and bequest;® (ii) preferences that are difficult to correctly specify
with a risk aversion coefficient;! and (iii) different goals for different investing motives. Ac-
cordingly, their model considers an investor whose wealth is divided among mental accounts

(hereafter, ‘accounts’) with different investing motives. The investor’s preferences within a

"Markowitz (1959) reviews the model of Markowitz (1952), whereas Markowitz (2000, 2008) collects his
work. For insightful perspectives on his contributions, see Rubinstein (2002), Goetzmann (2023), and the
2024 Special Issue of The Journal of Portfolio Management dedicated to him.

2While Markowitz is often viewed as the father of modern portfolio theory, Markowitz (1999, p. 5) notes
that “Roy (1952) can claim an equal share of this honor.” The investor in Roy’s model selects the portfolio
that maximizes the ratio of (a) excess expected return over some disastrous level of return to (b) standard
deviation. For a review of this model, see Elton et al. (2014, pp. 226-229).

3In practice, money management firms list many investing motives (e.g., college education, a house, a
wedding, and a vacation); see <investor.vanguard.com/investor-resources-education/investing-goals>.

4Das et al. note two reasons for investors not being able to correctly specify their risk aversion coefficients.
First, since an investor might have different risk aversion coefficients for different investment motives, the
investor might not be able to properly weigh such coefficients to find the overall risk aversion coefficient used
to identify the portfolio that in aggregate maximizes the investor’s overall satisfaction. Second, investors
might find that the specification of their levels of risk aversion in units of variance is not intuitive.
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given account are specified by a threshold probability and a threshold return (hereafter,
‘thresholds’).> Formally, the optimal portfolio within the account maximizes the account’s
expected return subject to the constraint that the probability of the account’s return be-
ing less than or equal to the threshold return does not exceed the threshold probability.
Hence, the account’s Value-at-Risk (VaR) at the confidence level of one minus the threshold
probability cannot exceed minus one multiplied by the threshold return.® Recognizing that
different accounts have differ investment motives, thresholds possibly vary across accounts.”

The models of Markowitz and Das et al. are closely related if asset returns are assumed
to have a multivariate Normal distribution and thresholds are such that optimal portfolios
within accounts exist in Das et al.’s model. Since the VaR of a portfolio is a linear function of
its mean and standard deviation under this distribution, optimal portfolios within accounts
are on the mean-variance frontier. Hence, the optimal portfolio within a given account of an
investor in Das et al.’s model would be selected by a hypothetical investor in Markowitz’s
model with some (implied) risk aversion coefficient. Conversely, the optimal portfolio of an
investor in the latter model would be selected within an account of a hypothetical investor
in the former with some (implied) thresholds. The aggregate portfolio of an investor in Das
et al.’s model (the combination of the investor’s optimal portfolios within accounts) is also

on the mean-variance frontier if short selling is allowed.®

5In practice, financial advisers (working independently or at money management firms) utilize financial
advising programs that use thresholds to reflect the goals of investors; see Statman (2017, pp. 208-217).

6Since the practical use of VaR is at the heart of modern risk management (see Hull (2023)) and the
theoretical use of VaR as a measure of risk is related to mean-variance analysis under certain conditions (see
Baumol (1963) and Alexander and Baptista (2002)), Alexander (2009) contends that Markowitz is also the
father of modern risk management.

"The model of Das et al. extends the model of Telser (1955) from the single-account case to the multiple-
account case. While Das et al. (2011) and Statman (2024) review the former model, Elton et al. (2014, pp.
230-231) review the latter; see also Arzac and Bawa (1977).

8The investor in the behavioral portfolio selection model of Shefrin and Statman (2000) has one or
more accounts and is possibly risk seeking. In comparison, the investor in Das et al.’s model has two or
more accounts and is risk averse. Hence, Das et al.’s model integrates features of behavioral portfolio theory
(accounts) and modern portfolio theory (optimal portfolios within accounts are on the mean-variance frontier
and so is the aggregate portfolio if short selling allowed). When short selling is disallowed, Das et al. show
that the former portfolios are also on the frontier but the latter might lie away from but close to the frontier.
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Bridging Markowitz’s contributions, results along three dimensions are here uncovered.’
First, consider the loss in certainty-equivalent return (CER) arising from an investor using
an erroneous (instead of the ‘true’) risk aversion coefficient in seeking to find the optimal
portfolio in Markowitz’s model. An analytical expression for the loss in CER is derived.
Importantly, the loss in CER in the case where the erroneous coefficient is less than the
‘true’ coefficient by some amount exceeds the loss in CER in the case where the erroneous
coefficient is greater than the ‘true’ coefficient by the same amount. Moreover, the loss in
CER is unbounded (bounded) from above in the former (latter) case.

Second, consider the impact of using thresholds instead of a risk aversion coefficient to
specify investor preferences on portfolio selection. For any positive risk aversion coefficient,
the optimal portfolio in Markowitz’s model lies on the mean-variance frontier above the
global minimum-variance portfolio. In comparison, for any pair of thresholds such that the
optimal portfolio within a given account exists in Das et al.’s model, this portfolio lies on
the mean-variance frontier at the same point as or above the global minimum-VaR portfolio
at the confidence level of one minus the threshold probability, which in turn lies above the
global minimum-variance portfolio. While different risk aversion coefficients lead to different
optimal portfolios in Markowitz’s model, infinitely many pairs of thresholds lead to the same
optimal portfolio within an account in Das et al.’s model.

Third, consider the risk aversion coefficients implied by optimal portfolios within accounts
(when these portfolios exist). Using an analytical characterization of such coefficients, key
observations are made. Assuming thresholds such that the optimal portfolio within a given

account exists, the risk aversion coefficient implied by this portfolio: (i) is strictly between

9There is a vast literature on extensions of the models of Markowitz and Das et al. (involving consideration
of, for example, portfolio delegation, background risk, estimation risk, and equilibrium). For a review of such
extensions, see Fabozzi et al. (2010), Alexander et al. (2020), Koumou (2020), and references therein.
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zero and a positive value associated with the global minimum-VaR portfolio at the confidence
level of one minus the threshold probability; (ii) decreases in the threshold probability; (iii)
increases in the threshold return; and (iv) is very sensitive to the thresholds if the coefficient
is relatively large but notably less so if the coefficient is relatively small.

The paper proceeds as follows. Section 2 characterizes the composition of the optimal
portfolio of an investor in Markowitz’s model and the loss in CER arising from the mis-
specification of the investor’s risk aversion coefficient. Section 3 characterizes the existence
and composition of the optimal portfolios within accounts and the aggregate portfolio of an
investor in Das et al.’s model as well as the risk aversion coefficients implied by the former
and latter portfolios. Section 4 uses a numerical example to illustrate the theoretical results

uncovered in Sections 2 and 3. Section 5 concludes.!”

2. The model of Markowitz (1952)

This section examines the model of Markowitz (1952).

2.1. Assumptions

Suppose that a risk-free asset is not available for trade.!’ Let N > 1 be the number of
risky assets that are available for trade. The first two moments of their return distribution
are assumed to be finite. Let pu be the N x 1 vector of their expected returns. Suppose that
rank([1y p]) = 2 where 1y is the N x 1 unit vector.!? Let X be the N x N variance-
covariance matrix for asset returns. Suppose that rank(X) = N.'? Hereafter, p and X are

referred to as optimization inputs.

10An Online Appendix contains: (i) a table listing the notation used for the models of Markowitz and Das
et al.; and (ii) proofs of the theoretical results in the paper.

UTobin (1958) extends the results in Markowitz’s model to the case where a risk-free asset is assumed to
be available for trade. Sharpe (1964) characterizes expected asset returns in equilibria for economies where
investors use Tobin’s model for portfolio selection.

12The case where all assets have the same expected return is thus precluded.

13The existence of a combination of risky assets with a risk-free return is thus precluded.

89



A portfolio is an N x 1 vector w with w'ly = 1. The nth entry of portfolio w is the
weight of asset n in the portfolio. A positive (negative) weight represents a long (short)
position. Here, short selling is allowed and asset weights are assumed to be unbounded.*

Let 7, denote the random return of portfolio w. Its mean or expected return is E[r,| =

w’ . While its variance is 02[r,,| = w'Xw, its standard deviation is o[r,] = vVw'Iw.

2.2. The mean-variance frontier

A portfolio is on the mean-variance frontier if there is no portfolio with the same mean
and a smaller variance. Merton (1972) provides an analytical characterization of the portfolios
on the mean-variance frontier. Some notation is useful to describe his characterization. Let
A= Xy, B= S u, C =11y, and D = BC — A? denote constants with B,

C, and D being positive. Suppose that A # 0. Let wy = % and w; = 2;11“ denote two

portfolios on the mean-variance frontier. While wy is the global minimum-variance portfolio
and has an expected return of A/C, w; has an expected return of B/A.

The portfolio on the mean-variance frontier with an expected return of £ € R is:

wp =0pwo+ (1 — 0p)w, (1)

where 0 = %. For any portfolio w on the frontier, the following holds:

‘72[7‘11)] (Elrw] — A/O)2 .
yc ~ pjcr 2)

As Fig. 1(a) illustrates, portfolios on the frontier are represented in (E[r,], o[ry,]|) space by
a hyperbola.!® The dot (‘e’) plots wy, which has an expected return of A/C' as noted earlier
and a standard deviation of 1/1/C. The top and bottom half-lines show the asymptotes of

the frontier: E[r,] = A/C £ \/D/Co|ry|. As Fig. 1(b) illustrates, portfolios on the frontier

!The assumptions that short selling is allowed and asset weights are unbounded follow Merton (1972).

15While in general A can be negative, zero, or positive, Fig. 1(a) assumes that A is positive. Since A
is assumed to be positive in this figure and C is always positive, A/C is positive in the figure. Similar
observations apply to subsequent figures that use the value of A.
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are represented in (E[ry], 0%[ry]) space by a parabola. The leftmost and rightmost dots plot,
respectively, wo and w;. While their respective expected returns are A/C and B/A as noted
earlier, their respective variances are 1/C and B/A% Note that w; is located at the point

where a ray from the origin that goes through w crosses the frontier; see Roll (1992).

2.3. The optimal portfolio
Consider an investor with an exogenously given amount of wealth. The investor’s prefer-
ences over portfolios are represented by the function U : R x R, — R defined by:

U(E[rw), olre]) = Elre] = (7/2)0°[14] (3)
where v > 0 is the investor’s risk aversion coefficient.'® Focusing on portfolios with the same
variance, the investor’s satisfaction is higher for portfolios with higher means. Focusing on
portfolios with the same mean, the investor’s satisfaction is higher for portfolios with lower
variances since v > 0. Noting that U(E[r,]—(7/2)0%[rw],0) = U(E[ry], o[rw]), the certainty-
equivalent return (CER) of portfolio w is U(E[ry], o[rw])-

The investor’s optimal portfolio solves:

max  Elry] = (7/2)0[ru] (4)

weRN
s.t. w'ly =1. (5)

Egs. (4) and (5) imply that this portfolio maximizes the function defined by Eq. (3) subject
to asset weights summing to one. Asset weights are constrained to sum to one because the
investor’s wealth is assumed to be fully invested.

The following result characterizes the composition, expected return, and standard devi-

ation of the investor’s optimal portfolio.

16The use of this function by expected utility maximizers leads to the selection of optimal portfolios if:
(1) risky asset returns have a multivariate elliptical distribution (such as the Normal or ¢-distributions) with
finite first and second moments; or (2) utility functions are quadratic; see Ingersoll (1987, Ch. 4) and Huang
and Litzenberger (1988, Ch. 3). When neither (1) or (2) holds, expected utility is under certain conditions
well approximated by such a function; see Markowitz (1959, 2010) and Levy and Markowitz (1979).
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Theorem 1. The optimal portfolio of an investor with a risk aversion coefficient of v € R,

18:
wy = 0 ,wo + (1 —0,)w, (6)
where 0., = %, its expected return is:
E,=A/C+(D/C)/, (7)
and its standard deviation is:
o, = v/1/C+ (DJC)/7. (8)

Using Egs. (1) and (6), the optimal portfolio of an investor with a risk aversion coefficient
of vy € Ry, w,, is on the mean-variance frontier. Egs. (7) and (8) imply that w,’s expected
return and standard deviation, respectively, E, and o, depend on g and X (through the
values of A, C, and D in the case of I/, and through the values of C' and D in the case of
0,) as well as 7. Given p and X, note that E, and 0., decrease in vy since D/C > 0.1

The next two corollaries examine the location of an investor’s optimal portfolio along the

mean-variance frontier.

Corollary 1. (i) The optimal portfolio of an investor with a risk aversion coefficient of
v € Ryy, w,, lies above the global minimum-variance portfolio, wo, in (E[ry], o[ry]|) space;

(ii) The former portfolio converges to the latter as vy converges to infinity.

Corollary 1(i) can be seen as follows. Consider an investor with a risk aversion coefficient
of y € Ry,. Since D/C > 0 and v > 0, Eq. (7) implies that the investor’s optimal portfolio,
w.,, has an expected return, E.,, that exceeds A/C. Recall that the global minimum-variance
portfolio, wy, has an expected return of A/C'. Hence, w., lies above wy in (E[r,], o[r,]) space.

The leftmost and rightmost dots (‘e’) in Fig. 2(a) illustrate the location of, respectively,

"Here, only partial equilibrium results are discussed. Black (1972) characterizes expected asset returns
in equilibria for economies where investors use Markowitz’s model for portfolio selection.
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wy and w, in (E[ry], o[ry]) space. By definition, wy lies at the leftmost point on the curve
representing portfolios on the mean-variance frontier. The two thin dashed indifference curves
are associated with v; see Eq. (3). Note that w, lies at the point where the top thin dashed
curve is tangent to the top half of the frontier. Hence, w, lies above wy.

Corollary 1(ii) can be seen as follows. Using Eq. (7), note that £, converges to A/C and
thus 6., converges to one as 7 converges to infinity. Hence, Eq. (6) implies that w. moves

down along the top half of the mean-variance frontier toward wg as v converges to infinity.

Corollary 2. The expected return of the optimal portfolio of an investor with a risk aversion

coefficient of v € Ry, E,, converges to infinity as v converges to zero.

Corollary 2 can be seen as follows. Since D/C > 0, Eq. (7) implies that E. converges to
infinity as v converges to zero. Hence, w, moves up unboundedly along the top half of the

mean-variance frontier as v converges to zero.

2.4. Loss in CER arising from the misspecification of the risk aversion coefficient
The loss in CER of an investor with a risk aversion coefficient of v € R, who uses an
erroneous risk aversion coefficient of v, € R, \{v} in seeking to find the optimal portfolio

Lyy, = U(Elruw,) olrw,]) = U(E[rw, |, orw, ])- (9)

Fig. 2(a) illustrates L., in (E[ry],o[rs]) space. As noted earlier, the rightmost dot (‘e’)
shows that the investor’s optimal portfolio, w., lies at the point where the top thin dashed
indifference curve associated with « is tangent to the top half of the mean-variance frontier.
The middle dot shows that the portfolio that the investor selects when using an erroneous
risk aversion coefficient of v, > v, w,_, lies at the point where the thick dashed indifference

curve associated with v, is tangent to the top half of the mean-variance frontier. Since v, > 7,
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w,,_ lies below w,.'® The bottom thin dashed indifference curve is associated to v and goes
through w,_. Note that L, ,_is the vertical distance between the top and bottom thin dashed
curves.

The following result provides an analytical expression for the loss in CER.

Theorem 2. An investor with a risk aversion coefficient of v € R, who uses an erroneous
risk aversion coefficient of v. € Ry \{7v} in seeking to find the optimal portfolio has a loss

in CER of:
Loy, = (D/C) (7. =)/ (2972). (10)

Consider an investor with a risk aversion coefficient of v € R, who uses an erroneous
risk aversion coefficient of . € R, \{7} in seeking to find the optimal portfolio. Two
observations follow from Eq. (10). First, since D/C, |y. — 7|, 7, and 7. are positive, so is
L. . Second, L, depends on p and X (through the term D/C) as well as v and ..

Given p, X, and v € R, Fig. 2(b) illustrates how L, depends on 7_; see Eq. (10). If
0 <. <7, then L, : (a) decreases in 7,; (b) is unbounded from above since L., converges
to infinity as . converges to zero; and (c) is strictly convex on ~_.'? If 7. > ~, then L.
(a) increases in v.; (b) is bounded from above since L., converges to (D/C) /(2v) as 7.
converges to infinity; (c) is strictly convex on v, if v < 7y, < 37/2;*Y and (d) is strictly concave
on v, if v, > 3v/2. Importantly, the value of L, ., if ~, is less than v by an amount strictly
between zero and 7 exceeds the value of L, ,_if v, is greater than v by the same amount.
For example, L., = (D/C) /(2y) ify. =~/2but L,, = (D/C)/(18y) if . = 37/2. More

generally, the following holds.

18Similar graphical results hold in the case where 0 < 7. < . In this case, however, w,_ lies above w,.
YNote that 0°L. _/0~v2 = (D/C)(3y — 2v.)/7%; see Eq. (10).
2USince 9L, . /072 = (D/C)(3y — 2v.)/7% and D/C > 0, the inflection point of L, occurs when
Y. =3y/2 and L, ,_= (D/C)/(187); see Eq. (10).
94



Theorem 3. Consider an investor with a risk aversion coefficient of v € R, who uses an
erroneous risk aversion coefficient of v. € Ry \{v} in seeking to find the optimal portfolio.
(i) If 7. =7..- = (1 = kK)y where k € (0,1), then the loss in CER 1is:

Lys..- = (D/C) /@] [5/(1 = R)]*. (11)
(i) If v, = ..+ = (1 + K)y where r € (0,00), then the loss in CER is:

Ly, = (D/C) /)] 5/ (1 + R)]*. (12)
(iii) If x € (0,1), then:

(Lo, /Lo, ) = 1= ROL, = [(14+1)/(1 - W)’ — L (13)

Consider an investor with a risk aversion coefficient of v € R, . In seeking to find the
optimal portfolio, suppose that the investor uses an erroneous risk aversion coefficient less
than v by some percentage x € (0,1), 7. .. Using Eq. (11), the loss in CER, Lo o depends
on p and X (through the term D/C) as well as v and k. Given p, ¥, and v € R, note
that L,  increases in x. Given p, X, and « € (0,1), note that L, _ decreases in .21

In seeking to find the optimal portfolio, suppose now that the investor uses an erroneous
risk aversion coefficient greater than v by some percentage x € (0,00), . ,+. The results for

the loss in CER, L

Y. ot 0 BTE similar to the results noted for L%“/E,HJ see Eq. (12). However,
for any x € (0,1), Egs. (11) and (12) imply that Loy, .- > Lyy .- Hence, the loss in CER
when -y, is less than v by some percentage x strictly between zero and one exceeds the loss
in CER when ~, is greater than v by the same percentage.

Using Eq. (13), the relative change in the loss in CER arising from an investor using v, -

instead of 7, .+ in seeking to find the optimal portfolio, RC L: (i) is positive (consistent with

21Das et al. (2010) assess the loss in CER in a numerical example. Fixing the value of x, they find that
the average loss in CER across two values of v, given by 7, .- and 7, .+ is larger for smaller values of 7.
However, they do not provide an analytical expression for the loss in CER nor the average loss in CER.
Using Egs. (11) and (12), the average loss in CER is [(D/C) /(27)] [%(1 + 2)]/[(1 — &*)?].
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the fact that L., _ > L, ); (ii) increases in x; and (iii) does not depend on p or % or
7. Fig. 2(c) reports the values of RC'L, when k ranges from zero to 30%. Since these values
of RCL, are sizeable except if x is zero or very close to zero, a key practical implication
follows. In attempting to infer the preferences of an investor to implement Markowitz’s model,
practitioners should be aware that the loss in CER if the erroneous risk aversion coefficient
is less than the ‘true’ risk aversion coefficient by some amount can notably exceed the loss

in CER if the former coefficient is greater than the latter by the same amount.??

3. The model of Das et al. (2010)

This section examines the model of Das et al. (2010).

3.1. Assumptions
In addition to the assumptions in Section 2.1 on assets and portfolios, suppose that asset

returns have a multivariate Normal distribution.??

3.2. Optimal portfolios within accounts

Consider an investor with an exogenously given amount of wealth. This amount of wealth
is exogenously allocated to an exogenously given number of accounts denoted by M > 1.
Letting 1,; denote the M x 1 unit vector, the M x 1 vector of fractions of the investor’s

wealth in the accounts is y € RY., where y'1,; = 1. The mth entry of y is the fraction of

22For any risk aversion coefficient v € R, |, let t = 1/ denote the corresponding risk tolerance coefficient.
Let L;;_denote the loss in CER of an investor with a ‘true’ risk tolerance coefficient of t € R, who uses an
erroneous risk tolerance coefficient of ¢t. € Ry \{t} in seeking to find the optimal portfolio. Eq. (10) implies
that Ly, = (D/C)t(1 —t./t)?/2. Letting t. ;- = (1 — )t and t. ;+ = (1+ 1)t where [ € (0,1), it can be seen
that Ly; ,_ = Liy_,, = (D/C)tl*/2. Hence, the loss in CER arising from using an erroneous risk tolerance
coeflicient less than the ‘true’ risk tolerance coefficient by some amount equals the loss in CER arising from
using an erroneous risk tolerance coefficient greater than the ‘true’ risk tolerance coefficient by the same
amount. Since Das et al. (2010) parameterize the loss in CER by the erroneous risk aversion coefficient (not
by the erroneous risk tolerance coefficient), so does Section 2.4.

23The results in Das et al.’s model hold more generally in the case where asset returns are assumed to have
a multivariate elliptical distribution with finite first and second moments. Moreover, these results hold as
an approximation if the multivariate distribution of asset returns is unknown but has finite first and second
moments; see O’cinneide (1990). Das and Statman (2013) examine the composition of optimal portfolios
within accounts when asset returns are assumed to have non-elliptical distributions. Additionally, the results
in Das et al.’s model extend to the case where a risk-free asset is assumed to be available for trade; see
Alexander et al. (2020) and references therein.
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the investor’s wealth in account m. The investor allocates the wealth within each account
among the same set of assets that are available for trade. However, the fraction of wealth in
an account that the investor allocates to a given asset possibly depends on the account.

The optimal portfolio within account a given account m € {1, ..., M} solves:

E[r, 14
max  Elr,] (14)
s.t. wly =1 (15)
Plry < Hp] < ay, (16)

where P|-| denotes probability, H,, € R is account m’s threshold return, and «a,,, € (0,1/2)
is account m’s threshold probability. Hence, this portfolio maximizes account m’s expected
return subject to: (i) fully investing the wealth in the account; and (ii) the probability of
the account’s return being less than or equal to H,, not exceeding «,,. Note that probability
constraint (16) loosens if «a,, increases but tightens if H,, increases. Therefore, the size of
thresholds «,,, and H,, reflects the investor’s goal for account m.

Probability constraint (16) can be seen as a restriction on account m’s tail risk. Some
notation is useful to formally write such a restriction. For any « € (0,1/2), let z, = —®7!(«)
where ®(-) denotes the cumulative univariate standard Normal distribution function. Since
a € (0,1/2), note that z, is positive and decreases in .

The Value-at-Risk (VaR) at confidence level 1 — « of portfolio w is:**

V1 — a,ry] = 240[rw] — E[rw]. (17)
Note that portfolio w meets probability constraint (16) if and only if:

VIl — 7| < —Hp. (18)

2 Like a portfolio’s VaR, a portfolio’s Conditional Value-at-Risk (CVaR) is a linear function of its mean
and standard deviation if asset returns have a multivariate Normal distribution. Here, a portfolio’s CVaR at
a given confidence level is the portfolio’s expected loss given that the loss equals or exceeds the portfolio’s
VaR at that confidence level. The results in Das et al.’s model extend to the case where CVaR is used instead
of VaR to set account goals. Hull (2023, Ch. 11) compares the theoretical properties of VaR and CVaR.
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Hence, probability constraint (16) restricts account m’s VaR at confidence level 1 — a, to
be —H,, or less. Using Eqgs. (17) and (18), probability constraint (16) is equivalent to:
Elry| > Hp + 24, 07w (19)
Hence, as Fig. 3(a) illustrates, portfolios that lie on or above a line with an intercept of
H,, and a slope of z,,, in (E[ry],o[ry]) space meet probability constraint (16), whereas

portfolios that lie below the line do not meet the constraint.?

Given a threshold probability
of o, Fig. 3(b) shows that increasing the threshold return from H!°* to H"9" tightens the
constraint because the intercept of the line associated with the constraint also increases from
H'ov to H"9" Given a threshold return of H,,, Fig. 3(c) shows that increasing the threshold
probability from a!°* to a/9" loosens the constraint because the slope of the line associated
with the constraint decreases from z 0w t0 2 nign (recall that z, decreases in «).

Optimal portfolios within accounts may or may not exist depending on the thresholds
and optimization inputs. In order to identify conditions on the thresholds and optimization
inputs under which these portfolios exist, a characterization of the existence of the global
minimum-VaR portfolio and its VaR if it exists is useful. The following notation is used to
describe such a characterization. Let:

&= ®(—/D/0). (20)

Using Eq. (20), note that @ depends on g and X (through the values of C' and D). Since

D/C <0, Eq. (20) implies that @ € (0,1/2). For any a € (0, @), let:

=A/C - /(2 —D/C)/C. (21)

Using Eq. (21), note that H, depends on « (through the value of z,) as well as u and X

(through the values of A, C', and D).

25While threshold returns can in general be negative, zero, or positive, Fig. 3(a) assumes that H,, < 0.
Subsequent figures that use threshold returns similarly make an assumption on the sign of threshold returns.
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Alexander and Baptista (2002) characterize the existence of the global minimum-VaR
portfolio as well as its composition, expected return, standard deviation, and VaR if it

exists.

Theorem 4. (i) The global minimum-VaR portfolio at confidence level 1 — « exists if and
only if a € (0,@); (i) If a € (0,@), then this portfolio is:

Wi_o = G1_qwo + (1 — 1) wy (22)

E1_o—BJ/A

AJC—BJA its expected return is:

where 0,_, =

Eia = AJC+ \/(D?/CP) ] (2% - DJO), (23)

its standard deviation 1is:

010 = V/(22/C) / (22 = D/C), (24)

and its VaR at confidence level 1 — «v is:

Viea = —H,. (25)

Using Theorem 4(i), the existence of the global minimum-VaR portfolio depends on the
confidence level 1 — a as well as p and X (since @ depends on p and X). First, if 1 — o is
less than or equal to 1 — @, then the portfolio does not exist. Its non-existence can be
seen by noting that the slope of the representation of the portfolios on the top half of the
mean-variance frontier in (E[ry], o[ry]) space exceeds z, if 1 —a < 1 —@ (or, equivalently,
a > @).% Using Eq. (17), the VaRs of such portfolios decrease when moving up along the
frontier. Hence, the problem of globally minimizing VaR does not have a solution.

Second, if 1 — « is greater than 1 — @, then the global minimum-VaR portfolio, w;_,,
exists. Egs. (1) and (22) imply that w;_, is on the mean-variance frontier. The leftmost

and rightmost dots (‘e’) in Fig. 4 illustrate the location of, respectively, wy and w;_, in

26While the slope of the representation of the portfolios on the top half of the mean-variance frontier in
(E[rw],olre]) space exceeds \/D/C, z, is less than or equal to +/D/C if o > @; see Egs. (2) and (20).
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(E[rw],o[rv]) space. While w;_, lies above w,, w;_, converges to wy as 1 — a converges
to 100% from below (or, equivalently, o converges to zero from above); see Eq. (23).2” Also,
wi_, lies at the point where a line with a slope of z, is tangent to the top half of the
mean-variance frontier. The intercept of this line is H, = —V}_,; see Eq. (25).

The following result characterizes the existence of the optimal portfolio within a given

account as well as its composition, expected return, standard deviation, and VaR if it exists.

Theorem 5. Consider an account m € {1, ..., M} with threshold probability ., and threshold
return H,,. (i) The optimal portfolio within account m exists if and only if «,, € (0,@) and

H,, € (—oc0,H,, 12 (i) If am, € (0,@) and H,, € (—o0, H,, |, then this portfolio is:

wam;Hm = eam,HmwO + (1 - eam,Hm)wl (26)
where 0., 1, = EO‘XL/’?—:EZ/A, its expected return is:
But,, = AJC+\/(D/C)(?, 4, —1/C), (27)

its standard deviation is:

20, (A/C = Hy) +1/(D/O)(A/C — H,)* — (22, — D/C)/C]

[0

22 —D/C ’

Qam

UamyHm -

(28)

and its VaR at confidence level 1 — a,, is:

Ve iy = —Hp,. (29)

Consider an account m € {1, ..., M'} with threshold probability «,, and threshold return
H,,. Using Theorem 5(i), the optimal portfolio within account m exists if and only if «,, €

(0,@) and H,, € (—o0, H,,,].* Hence, its existence depends on «,, and H,, as well as u and

2TNote that z, and F;_, converge to, respectively, infinity and A/C as « converges to zero from above.
28 The existence of optimal portfolios within accounts is closely related to Theorem 4. The global minimum-
VaR portfolio at the confidence level of 1 — oy, exists if and only if a,, € (0,@). Moreover, when a,, € (0,@),

there is a portfolio meeting probability constraint (16) if and only if (—oco, H,, | where H,,, equals minus
one multiplied by the VaR of the global minimum-VaR portfolio at the conﬁdence level of 1 — f

29While Das et al. (2010, pp. 325 and 326) examine the problem of existence of the optimal portfolio within
a given account, they do not analytically identify the thresholds for which this portfolio exists. Specifically,
given the threshold probability of the account, they formulate the problem of finding the maximum threshold
return for which such a portfolio exists and note that this problem can be numerically solved.
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> (since @ and H,, depend on g and X). Its non-existence occurs in two cases. First, if
Qy € [@,1/2), then probability constraint (16) is overly loose regardless of the value of H,,.
As Fig. 5(a) illustrates, the optimal portfolio within account m does not exist in this case
because the set of expected returns of portfolios that meet this constraint does not have a
finite upper bound. While the curve represents portfolios on the mean-variance frontier in
(E[rw], olrv]) space, the line has an intercept of H,,, and a slope of z,,, . Since portfolios on the
frontier with sufficiently large expected returns lie above the line and thus meet probability
constraint (16), the set of expected returns of portfolios that meet this constraint does not
have a finite upper bound. Noting that the optimal portfolio within account m would have
the maximum expected return among the portfolios that meet such a constraint, the former
portfolio does not exist; see Eqgs. (14)—(16).

Second, if a,,, € (0,@) and H,, € (H,,,,00), then probability constraint (16) is overly
tight. As Fig. 5(b) illustrates, the optimal portfolio within account m does not exist in this
case because no portfolio meets probability constraint (16). By definition, all portfolios lie
either on or to the right of the curve that represents portfolios on the mean-variance frontier.
Any portfolio that would meet probability constraint (16) would lie on or above a line with
an intercept of H,, and a slope of z,_ . Since the line is above the curve, no portfolio meets
probability constraint (16). Hence, the optimal portfolio within account m does not exist.

If a,, € (0,@) and H,, € (—o0, H,,], then the optimal portfolio within account m,
W, H,,, exists and is on the mean-variance frontier;** see Theorem 5(ii) along with Egs.
(1) and (26). Its expected return and standard deviation, respectively, E,,, ,, and oq,, o,
depend on «,,, and H,, as well as p and ¥ (through the values of A, C', and D); see Egs. (27)

and (28). Given p, 3, and «,,, € (0, @), note that E,, p,, and o, m, decrease in H,, if H,,

30Das et al. derive a semi-analytical expression for w,,, m, that requires a numerical approach.
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€ (—o0, H,,). Given u, 3, and H,, € (—o0, H,,,|, note that E.., m,, and 0., m,, increase
in a,, if a,, € (0,@). Its VaR at confidence level 1 — ayy,, Va,, m,,, 18 —Hp; see Eq. (29).
The next four corollaries examine the location of optimal portfolios within accounts along

the mean-variance frontier.

Corollary 3. Consider an account m € {1,..., M} with threshold probability ., € (0,@)
and threshold return H,, € (—oo, H,, ]. (i) If H,, € (—o0, Hy, ), then the optimal portfolio
within account m, w,,, m,,, lies above the global minimum-VaR portfolio at confidence level
1=, W_a,,, in (E[re],olre]) space; (i) If H,, = H.,,,, then the former portfolio equals

the latter.

Consider an account m € {1,..., M } with threshold probability a,, € (0, @) and threshold
return H,, € (—oo, H,,,]. Assuming that H,, < H,, , Fig. 6(a) illustrates Corollary 3(i). The
curve represents portfolios on the mean-variance frontier in (E[r,], o[ry]) space, whereas the
line has an intercept of H,, and a slope of z,,,. The rightmost dot (‘e’) shows that w,,, m,,
lies at the point where the line crosses the top half of the frontier. The leftmost dot shows
the global minimum-VaR portfolio at confidence level 1 — o, wi_,,,. Note that w,,, m,,
lies above w;_,, . Assuming that H,, = H, , Fig. 6(b) illustrates Corollary 3(ii). The dot

shows that w,,, g, lies at the point where the line is tangent to the top half of the frontier.

Hence, w,,, u,, equals wi_,,,.

Corollary 4. Consider an account m € {1,..., M} with threshold probability o, € (0,@).
The expected return of the optimal portfolio within account m, E,, . m, , converges to infinity

as H,, converges to minus infinity.

Corollary 4 can be seen as follows. Consider an account m € {1,..., M} with threshold

probability a,, € (0,@). Since z2 > D/C > 0, Eq. (28) implies that the standard deviation
102



of the optimal portfolio within account m, o,,, m,., converges to infinity as H,, converges to
minus infinity. It follows from Eq. (27) that the expected return of this portfolio, E,,, u,.,
also converges to infinity as H,, converges to minus infinity.

For any threshold return H,, € (—oo0, A/C), let:

ay =@ (—ﬂ)/o T C(AJC — Hm)2> . (30)
Since C' and D are positive, Egs. (20) and (30) imply that ay € (0,@).

Corollary 5. Consider an account m € {1,..., M} with threshold probability o, € [ay ,@)
and threshold return H,, € (—oo,A/C). (i) If oy, € (ay ,@), then the optimal portfolio
within account m, W, m,,, lies above the global minimum-VaR portfolio at confidence level
1 =, Wi—g,,, in (Eryl,olre]) space; (ii) If am, = ay , then the former portfolio equals

the latter.

Consider an account m € {1, ..., M'} with threshold probability a., € [ay , @) and thresh-
old return H,, € (—oo, A/C). Assuming that o, € (ay ,@), Fig. 6(c) illustrates Corollary
5(1). The rightmost dot (‘e’) shows that w,,, m,, lies in (E[ry],o[ry]) space at the point
where a line with an intercept of H,, and a slope of z,, crosses the top half of the fron-
tier. The leftmost dot plots the global minimum-VaR portfolio at confidence level 1 — ay; |,
Wiq, - Hence, w,,, u,, lies above Wi—qa, - Assuming that a,, = « H, > Fig. 6(d) illustrates
Corollary 5(ii). The dot shows that w,,, m,, lies at the point where the line is tangent to the

top half of the frontier. Hence, w,,, u,, equals Wi—qa, -

Corollary 6. Consider an account m € {1, ..., M} with threshold return H,, € (—oo, A/C).
The expected return of the optimal portfolio within account m, E,, . m, , converges to infinity

as the threshold probability «,, converges to & from below.

Corollary 6 can be seen as follows. Consider an account m € {1,..., M} with threshold
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return H,, € (—oo, A/C). Using the definition of z,,, and Eq. (20), z,,, converges to /D/C
as «,, converges to @ from below. Therefore, the assumption that H,, < A/C and Eq.
(28) imply that the standard deviation of the optimal portfolio within account m, o,,, ..,
converges to infinity as «,, converges to @ from below. It follows from Eq. (27) that the
expected return of this portfolio, E,,, m,,, also converges to infinity as a,, converges to @
from below.

Consider an account m € {1,..., M} with threshold probability «,, € (0,@), threshold
return H,, € (—oo, H,,,], and optimal portfolio w,,, g,,. It turns out that there are infinitely
many pairs of thresholds that lead to the same optimal portfolio. Some notation is useful to

identify such pairs. Let:3!

a=0(—/(D/O)2, 11,/ (02, 0, —1/O)] ) (31)

Since C' > 0, D > 0, and 07, 5 > 0, Egs. (20) and (31) imply that @ € (0,@). For any
a € (0,al, let:3?

H, = FE,,, 1, — 2000, Hy,- (32)

Since z, decreases in «, z, > 0, and o, g, > 0, Eq. (32) implies that H, increases in .

Given an account for which the optimal portfolio exists, the following result identifies the

pairs of thresholds for another account with the same optimal portfolio.

Theorem 6. Consider an account m € {1, ..., M} with threshold probability c,, € (0,a) and
threshold return H,, € (—oo, H,,, ]. Another account with threshold probability o € (0, @) and

threshold return H, has the same optimal portfolio as account m.

Consider an account m € {1,..., M} with threshold probability «a,, € (0,@), threshold

return H,, € (—oo, H,,,], and optimal portfolio w,,, g, . Consider another account with

=

31'While @ depends on «,, and H,,, the notation ‘@’ (instead of, e.g., ‘@q,, m,,’) is used for brevity.
32While H,, depends on «,, and H,,, the notation ‘H,’ (instead of, e.g., ‘Hq q,,.m,, ) is used for brevity.
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threshold probability a € (0, @] and threshold return H,. As Fig. 7(a) illustrates, if « € (0, @),
then the optimal portfolio within this account is w,,, #,, because it lies at the point where a
line with an intercept of H, and a slope of z, crosses the top half of the curve representing
portfolios on the mean-variance frontier. As Fig. 7(a) also illustrates, if o = @, then the
optimal portfolio within such an account is again w,,, u, because it lies at the point where

m

a line with an intercept of Hz and a slope of 2= is tangent to the top half of the curve. Hence,
W, 1, equals the global minimum-VaR portfolio at confidence level 1 — @, w,_=.%3

Fig. 7(b) illustrates the pairs of thresholds {(«, Ha)},e(0 7 of an account with an optimal
portfolio equal to w,,, m, .>* Note that H,: (i) increases in «; (ii) converges to Hz as «
converges to a from below; and (iii) converges to minus infinity as a converges to zero from

above.

Since w,,, m,, is on the mean-variance frontier, w,,, g,, solves:

max  Elrw] = (Vo,.m,,/2)0° 1] (33)
weRN s
st. wily =1 (34)

for some 4!, ;> 0. Hereafter, 7/, , is referred to as the risk aversion coefficient implied

by the optimal portfolio within account m. The following result characterizes this coefficient.

Theorem 7. Consider an account m € {1,..., M} with threshold probability o, € (0,@)
and threshold return H,, € (—oo, H,,,]. The risk aversion coefficient implied by the optimal

portfolio within account m is:

Vot = (D/C) [ (Ea, 1, — A/C) (35)

BIf o € (@, @), then w,, g, lies on the top half of the mean-variance frontier at the same point as or above
W1 _q, Which in turn lies above w,,, #,,; see Corollary 3. Therefore, an account with a threshold probability
of a € (@, @) cannot have an optimal portfolio equal to w,,, m,, . Hence, Theorem 6 imposes the condition
that o € (0,a].

34Given the thresholds of an account, Das et al. (2010, Table 2) numerically identify selected pairs of
thresholds for another account with the same optimal portfolio in an example. However, they do not analyt-
ically identify all pairs of thresholds for the latter account.

105

m*



where E,,, m,, is given by Eq. (27).

Consider an account m € {1,..., M} with threshold probability «,, € (0,@), threshold
return H,, € (—oo, H,, ], and optimal portfolio w.,,, , . Using Eqs. (27) and (35), the risk
aversion coefficient implied by this portfolio, 72% .., depends on oy, and H,, (through the
term E,, g, ) as well as on p and ¥ (through the terms D/C, E,, u, , and A/C).**> Given
O, W, and X, recall that E, g, decreases in H,, and thus ygm g, increases in Hy,. Given

H,,, p, and X, recall that F,, , g, increases in o, and thus 72m7 1, decreases in ag,.

Consider an account m € {1,..., M’} with threshold probability «,, € (0,@). Of interest

are lower and upper bounds on vgm’ p,, assuming a threshold return H,, for which the optimal

portfolio within account m exists. Let:

Yo =/ (2, ~ D/C) C. (36)

. . 2
Since z,,, decreases in ,,, 25

—D/C >0,C >0, and D > 0, Eq. (36) implies that 7,

decreases in «,,. The aforementioned bounds are identified next.

Corollary 7. Consider an account m € {1,..., M} with threshold probability o, € (0,@).
The risk aversion coefficient implied by the optimal portfolio within account m, 72,”, a0 (i)

converges to zero as Hy, converges to minus infinity; and (i) is 7, if Hy = Ha,,.

Consider an account m € {1, ..., M} with threshold probability «,, € (0,@). Corollary
7(i) can be seen by recalling that the expected return of the optimal portfolio within account
m, E,,, m,, converges to infinity as H,, converges to minus infinity; see Corollary 4. Hence,
as Fig. 8(a) illustrates, 'yi% 1, converges to zero as H,, converges to minus infinity.

Corollary 7(ii) can be seen by recalling that w,,, g, equals the global minimum-VaR

portfolio at confidence level 1 — ay,, wy_,,, if H,, = H,,,; see Corollary 3(ii). Hence, as Fig.

35Das et al. numerically solve a problem to jointly find the optimal portfolio within a given account and
the risk aversion coefficient implied by this portfolio but do not analytically characterize such a coefficient.

106



8(a) illustrates, v, 5 is7,, if Hy, = Ha,.

As noted earlier, an increase in H,, tightens probability constraint (16) and decreases
W,,, H, S expected return, E, g, . Hence, ’fom, 1, increases in H,, as Fig. 8(a) illustrates;
see Eq. (35). If H,, is notably (slightly) less than H,,,, then E,, x, notably (slightly) exceeds
A/C; see Egs. (27) and (28). Therefore, 7., 5 slightly (notably) increases in H,, if H,, is
notably (slightly) less than H,, as Fig. 8(a) also illustrates.

Consider an account m € {1,..., M} with a threshold return H,, € (—o0,A/C). Of
interest are lower and upper bounds on 'ygm g, assuming a threshold probability a,, for

which the optimal portfolio within account m exists. Let:
Vu, =A—-CHy,. (37)

Since C' > 0, Eq. (37) implies that 7, decreases in H,,. The aforementioned bounds are

identified next.

Corollary 8. Consider an account m € {1, ..., M} with threshold return H,, € (—oo, A/C).
The risk aversion coefficient implied by the optimal portfolio within account m, 737"7 m,.: (1)

converges to zero as the threshold probability o, converges to @ from below; and (i) is ¥y

if Q= ay .

Consider an account m € {1,..., M} with threshold return H,, € (—oo, A/C). Corollary
8(i) can be seen by recalling that the expected return of optimal portfolio within account
m, E,,. m,, converges to infinity as the threshold probability «,, converges to @ from below;
see Corollary 6. Hence, as Fig. 8(b) illustrates, 72,,“ 7, converges to zero as a,, converges to
o from below.

Corollary 8(ii) can be seen by recalling that w,,, g, equals the global minimum-VaR

portfolio at confidence level 1 — a,,, wi_,,, if oy = a5 see Corollary 5(ii). Hence, as Fig.
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8(b) illustrates, 7%, n =7g, if om =ay, .

As noted earlier, an increase in «,, loosens probability constraint (16) and increases
W,,, i, S expected return, E, g, . Hence, fygm’ 1, decreases in a,, as Fig. 8(b) illustrates;
see Eq. (35). If a,, is notably (slightly) less than @, then E, , g, slightly (notably) exceeds
A/C; see Egs. (27) and (28). Therefore, 7., 5 notably (slightly) decreases in ay, if ay, is
notably (slightly) less than @ as Fig. 8(b) also illustrates.

The result that the risk aversion coefficients implied by optimal portfolios within accounts
are possibly very sensitive to thresholds has a key practical implication. In order to precisely
reflect the levels of risk aversion within the accounts, thresholds should be carefully set,
particularly when seeking to reflect relatively high levels of risk aversion.

Given a positive risk aversion coefficient for an investor in Markowitz’s model, there are
infinitely many pairs of thresholds for an account of a hypothetical investor in Das et al.’s
model such that the optimal portfolio within this account of the former investor equals the
optimal portfolio of the latter. Some notation is useful to identify these pairs of thresholds.

For any risk aversion coefficient v € R, let:

@, =0 (-/(D+9)/C). (38)

Since C' > 0, D > 0, and v > 0, Egs. (20) and (38) imply that @, € (0,@). For any

a, € (0,a,], let:
H,=E, — z4,0,. (39)

Since z,., decreases in o, z,, > 0, and 0., > 0, Eq. (39) implies that I, increases in a,.

Theorem 8. Consider an investor with a risk aversion coefficient of v € R, .. The optimal

portfolio within an account with threshold probability c., € (0,@,] and threshold return of
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H., equals the optimal portfolio of the investor with a risk aversion coefficient of ~.*°

Consider an investor with a risk aversion coefficient of v € R, ;. Using Theorem 8, there
are infinitely many pairs of thresholds {(c.,, H,)}aec(a,] for an account of a hypothetical
investor with the same optimal portfolio as an investor with a risk aversion coefficient of
. The existence of these pairs of thresholds can be seen by recalling that: (a) the optimal
portfolio of an investor with a positive risk aversion coefficient is located on the top half
of the mean-variance frontier above the global minimum-variance portfolio (Corollary 1(i));
(b) the global minimum-VaR portfolio converges to the global minimum-variance portfolio
as the confidence level converges to 100% (see the discussion of Theorem 4); (c¢) the optimal
portfolio within a given account lies on the top half of the mean-variance frontier at the
same point as or above the global minimum-VaR portfolio at the confidence level equal to
one minus the threshold probability (Corollary 3); and (d) infinitely many pairs of thresholds

lead to the same optimal portfolio within a given account (Theorem 6).

3.8. Aggregate portfolio
Suppose that threshold probability a,, € (0,@) and threshold return H,, € (—o0, H,,,]
for any account m € {1, ..., M'}. Using Theorem 5(i), optimal portfolios within accounts exist
M

and so does the corresponding aggregate portfolio w, = > _| YmWa,, m,,- The next result

characterizes the composition, expected return, and standard deviation of this portfolio.

Theorem 9. If threshold probability ., € (0,@) and threshold return H,, € (—oo, H,,,] for

any account m € {1,..., M}, then the aggregate portfolio is:

w, = Gawg + (1 — Ha)wl (40)

36The condition that ., € (0,@,] is similar to Theorem 6’s condition that o € (0,@]; see footnote 33.

109



where 0, = Zi\le YmOan, H,» 1S expected return is:

Ezz = Zf\n/lzl ymEam,Hma (41)

and its standard deviation 1s:

00 =\/1/C + (E, — AJCY /(D/C). (42)

Suppose that threshold probability a,, € (0,@) and threshold return H,, € (—oo, H,,,]
for any account m € {1,..., M'}. Using Egs. (1) and (40), the aggregate portfolio, w,, is on
the mean-variance frontier. The third dot (‘e’) from the left in Fig. 9 illustrates the location
of w, in (E[ryl,o[rs]) space when there are three accounts (i.e., M = 3). For simplicity,
Fig. 9 makes the assumption that Hy < Hy < H; and a3 > as > a1.>” Hence, probability
constraint (16) loosens when moving from account m = 1 to account m = 2 and then to
account m = 3. It follows that w,, g, lies above w,, m,, which in turn lies above w,, g, as
the first, second, and fourth dots from the left illustrate.

Since w, is on the mean-variance frontier, w, solves:

max  Elru] = (7,/2)0"[rul (43)
s.t. 'w’lN =1 (44)

for some ~! > 0. Hereafter, 7" is referred to as the risk aversion coefficient implied by the

aggregate portfolio. The following result characterizes this coefficient.

Theorem 10. If threshold probability o, € (0,@) and threshold return H,, € (—oo, H,,)]
for any account m € {1, ..., M}, then the risk aversion coefficient implied by the aggregate

portfolio is:

V= (S Y /Y, (45)

37Graphical results can similarly be obtained if this assumption is not made.
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where %, is given by Eq. (35).

Suppose that threshold probability «,, € (0,@) and threshold return H,, € (—o0, H,, ]
for any account m € {1,..., M}. Using Eq. (45), the risk aversion coefficient implied by the
aggregate portfolio, 7', depends on the fractions of the investor’s wealth in the accounts
{ym}M_, and the thresholds {(c,,, H,,)}*_, as well as p and X (through the risk aversion
coefficients implied by optimal portfolios within accounts, {'ygm . 1M ). Moreover, 74 is a

weighted harmonic average of {7, p }h_, with respective weights of {ym, }h_;.

3.4. Differences between the models of Markowitz and Das et al.

Table 1 lists six crucial differences between the models of Markowitz and Das et al. First,
an investor in Markowitz’s model has one account but an investor in Das et al.’s model has
two or more accounts. Second, while the preferences of the former investor are specified by a
risk aversion coefficient, the preferences of the latter within a given account are specified by
thresholds. Third, the optimal portfolio in Markowitz’s model always exists, whereas optimal
portfolios within accounts in Das et al.’s model might not exist depending on the thresholds
and optimization inputs. Fourth, the optimal portfolio of an investor in the former model
(with a positive risk aversion coefficient) lies on the mean-variance frontier above the global
minimum-variance portfolio but the optimal portfolio within an account of an investor in
the former model (for thresholds such that the portfolio exists) lies on the mean-variance
frontier at the same point as or above the global minimum-VaR portfolio at a confidence level
equal to one minus the account’s threshold probability. Fifth, while different risk aversion
coefficients lead to different optimal portfolios in Markowitz’s model, infinitely many pairs
of thresholds lead to the same optimal portfolio within an account in Das et al.’s model.

Sixth, the investor in Markowitz’s model has a unique risk aversion coefficient that does
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not depend on the optimization inputs, whereas the risk aversion coefficients implied by the
optimal portfolios within accounts of an investor in Das et al.’s model possibly differ across
accounts and depend on the optimization inputs. The risk aversion coefficient implied by the
aggregate portfolio of the latter investor (the combination of the investor’s optimal portfolios

within accounts) also depends on the optimization inputs.

4. Example

This section uses a numerical example to illustrate the theoretical results uncovered in
Sections 2 and 3 for the models of Markowitz and Das et al. It considers the same assets,
optimization inputs, and investors as the numerical example of Das et al. By applying the
aforementioned theoretical results to their example, numerical results that complement theirs

are obtained.

4.1. Assets and optimization inputs

As the first column of Table 2(a) notes, three assets (1, 2, and 3) are available for trade.
Asset 1 is analogous to a risky bond, whereas assets 2 and 3 are analogous to, respectively,
low- and high-risk stocks. The next two columns indicate that the expected return and
standard deviation of asset 3 (high-risk stock) respectively exceed those of asset 2 (low-risk
stock), which in turn respectively exceed those of asset 1 (risky bond). The last three columns
indicate that the return on asset 1 is uncorrelated with the returns of assets 2 and 3, whereas

the returns of assets 2 and 3 are positively correlated.

4.2. Optimal portfolios in Markowitz’s model
Consider four investors (1, 2, 3, and 4) in Markowitz’s model. As Table 2(b) shows, their
risk aversion coefficients are assumed to range from 0.8773 for investor 3 to 3.7950 for in-

vestor 1, whereas investor 2 and 4 have risk aversion coefficients of, respectively, 2.7063 and
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2.1740. Table 3(a) provides the asset weights, expected returns, and standard deviations of
their optimal portfolios. The optimal portfolios of investors with larger risk aversion coef-
ficients have: (i) larger weights in asset 1 (risky bond); (ii) smaller weights in assets 2 and
3 (respectively, low- and high-risk stocks); and (iii) smaller expected returns and standard
deviations.

The thin dashed curve in Fig. 10 shows the loss in CER, L arising from investor 1

VYe
using an erroneous risk aversion coefficient of v, € (0, 10] instead of the ‘true’ coefficient of
v = 3.7950 in seeking to find the optimal portfolio. Note that L., notably decreases in -,
if v, < v but increases in v, if 7. > 7. The thick dashed, thin solid, and thick solid curves
show similar results for, respectively, investors 2, 3, and 4.3® Given a sufficiently large value
of ., it can be seen that L., decreases in 7v; compare the values of L, ,_for the values of
v of the four investors if, e.g., 7. = 10. This result can be understood by noting that: (i)

given v > 0, Eq. (10) implies that L. ,_converges to (D/C)/(27) as . converges to infinity

as mentioned earlier; and (ii) (D/C)/(2v) decreases in .

4.8. Optimal portfolios within accounts and aggregate portfolio in Das et al.’s model
Consider an investor in Das et al.’s model with three accounts (1, 2, and 3). Table
2(c) shows the fractions of the investor’s wealth in the accounts (second column) and the
thresholds (last two columns).
Fig. 11 examines the existence of optimal portfolios within accounts. The dashed vertical
line goes through a,, = @ = 33.40%; see Eq. (20). The curve plots H,, as a function of
Q€ (0,@);% see Eq. (21). The dots (‘e’) plot the pairs of thresholds of accounts 1, 2, and

3, {(m, Hin)}2,_1; see the last two columns of Table 2(c). For any account m € {1,2,3},

m=1

*¥The four curves in Fig. 10 are truncated so that L, ,_is 10% or less.
39This curve is truncated so that H,,  is —16% or more.
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note that the pair of thresholds («a,,, H,,) plots both: (a) strictly between the y-axis and the
dashed vertical line so that a,, € (0,@); and (b) below the curve so that H,, € (—oco, H,,,).
Hence, optimal portfolios within accounts exist; see Theorem 5(i).

The first three rows of Table 3(b) provide the asset weights, expected returns, standard
deviations, and VaRs of the optimal portfolios within accounts as well as the risk aversion
coefficients implied by such portfolios.?’ The optimal portfolios within accounts 1, 2, and
3 equal the optimal portfolios of, respectively, investors 1, 2, and 3 in Markowitz’s model;
see the second, third, and fourth columns of Tables 3(a) and 3(b). Hence, the risk aversion
coefficients implied by these portfolios equal the risk aversion coefficients of such investors;
see the last column of Tables 2(b) and 3(b). Since the VaR of the optimal portfolio within
a given account is reported at a confidence level equal to one minus the account’s threshold
probability, the VaR of this portfolio equals minus one multiplied by the account’s threshold
return; see the last two columns of Table 2(c) and the next to last column of Table 3(b).
For example, since account 1 has a threshold probability of 5% and a threshold return of
—10%, the optimal portfolio within account 1 has a VaR at the confidence level of 95%
[=100% — 5%)] of 10% [= (—1) x (—10%)].

The last row of Table 3(b) provides the asset weights, expected return, and standard
deviation of the aggregate portfolio of the investor in Das et al.’s model (the combination
of the investor’s optimal portfolios within accounts) as well as the risk aversion coefficient
implied by this portfolio. The aggregate portfolio of the investor in Das et al.’s model equals
the optimal portfolio of investor 4 in Markowitz’s model; see the second, third, and fourth

columns of Tables 3(a) and 3(b). Hence, the risk aversion coefficient implied by the aggregate

40While the numerical results in Table 3 reproduce those in Table 1 of Das et al. for completeness, the
numerical results in all figures in Section 4 are novel and illustrate the usefulness of the theoretical results
uncovered in Sections 2 and 3.
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portfolio of the former investor equals the risk aversion coefficient of the latter; see the last
column of Tables 2(b) and 3(b).

The thin dashed, thick dashed, and solid curves in Fig. 12 plot the pairs of thresholds
{(a, Ho) }ae(0,5) of three accounts with the same optimal portfolios as, respectively, accounts
1, 2, and 3; see Egs. (31) and (32) as well as Theorem 6.*! The dots (‘e’) represent the pairs
of thresholds of accounts 1, 2, and 3; see the last two columns of Table 2(c). Two results
can be seen. First, the thin dashed curve lies above the thick dashed curve, which in turn
lies above the solid curve. This result can be understood by noting that: (a) given «,, the
optimal portfolio within account m moves down the top half of the mean-variance frontier
as H,, increases; and (b) the optimal portfolio within account 1 lies on the top half of the
mean-variance frontier below the optimal portfolio within account 2, which in turn lies below
the optimal portfolio within account 3.

Second, the curves are close to each other for relatively large thresholds. This result can
be understood by noting that H, is less sensitive to the account m used in the right-hand
side of Eq. (32) if « is relatively large. For example, the values of H, for accounts 1, 2, and
3 are, respectively: (i) —5.53%, —9.06%, and —36.61% if « = 10%; and (ii) 3.78%, 3.49%,
and 0.59% if o = 30%. The fact that the curves are close to each other for relatively large
thresholds implies that three accounts with certain slightly different pairs of thresholds would
have the same optimal portfolios as, respectively, accounts 1, 2, and 3. For example, three
accounts with threshold probabilities of 30%, 31%, and 32% as well as threshold returns of
3.78%, 3.95%, and 3.37% would have the same optimal portfolios as, respectively, accounts 1,
2, and 3. Since the optimal portfolios within the latter accounts notably differ as Table 3(b)

shows, so do the optimal portfolios within the former. A key practical implication follows.

4IThe solid curve is truncated so that H,, is —100% or more.

115



In attempting to infer the preferences of an investor with thresholds to implement Das et
al.’s model, practitioners should be aware that the use of relatively large thresholds leads to
optimal portfolios within accounts that are very sensitive to the thresholds. Hence, thresholds
should be carefully chosen so that these portfolios are properly identified.

Given a threshold probability of ay = 5%, Fig. 13(a) plots the risk aversion coefficient
implied by the optimal portfolio within account 1, ’ygl’ m,» s a function of threshold return
Hy. Note that 7%, 5 : (i) is strictly between zero and 7,, = 32.78; and (ii) slightly (notably)
increases in H; for relatively small (large) values of H;. Given a threshold return of H; =
—10%, Fig. 13(b) plots v, 4, as a function of threshold probability of a;. Note that ~% . :
(i) is strictly between zero and 7, = 65.52; and (ii) notably (slightly) decreases in o for
relatively small (large) values of ay. Similar results hold for account 2 in Figs. 13(c) and
13(d) as well as for account 3 in Figs. 13(e) and 13(f).*? In sum, the risk aversion coefficients
implied by optimal portfolios within accounts are very sensitive to the thresholds if such

coefficients are relatively large but notably less so if the coefficients are relatively small.

5. Conclusion

Following the insights of Markowitz (1952), modern portfolio theory considers investors
whose preferences are represented by a function defined over the means and variances of
portfolio returns and specified with a risk aversion coefficient. In Das et al. (2010), however,
Markowitz and three co-authors note that modern portfolio theory does not address the
practical fact that an investor might have: (i) various investing motives such as retirement and
bequest; (ii) preferences that are difficult to precisely specify with a risk aversion coefficient;

and (iii) different goals for different investing motives. Accordingly, their model considers

#2Since g < az < ag, Figs. 13(a), 13(c), and 13(e) show that 7, > 7,, > 7,,; recall that 7,
decreases in a,, (see Eq. (36)). Similarly, since H3 < H; < Hj, Figs. 13(b), 13(d), and 13(f) show that
Ve, > Vr, > Y, recall that 75 decreases in H,, (see Eq. (37)).
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an investor whose wealth is divided among mental accounts (hereafter, ‘accounts’) with
different investing motives. The investor’s preferences within a given account are specified
by a threshold probability and a threshold return (hereafter, ‘thresholds’). Formally, the
optimal portfolio within the account maximizes the account’s expected return subject to
the constraint that the probability of the account’s return being less than or equal to the
threshold return does not exceed the threshold probability. Hence, the account’s Value-at-
Risk (VaR) at the confidence level of one minus the threshold probability cannot exceed
minus one multiplied by the threshold return. Reflecting the fact that different accounts
have different investment motives, thresholds possibly vary across accounts.

The models of Markowitz and Das et al. are closely related if asset returns are assumed
to have a multivariate Normal distribution and thresholds are such that optimal portfolios
within accounts exist in Das et al.’s model. Since the VaR of a portfolio is a linear function of
its mean and standard deviation under this distribution, optimal portfolios within accounts
are on the mean-variance frontier. A portfolio is on the mean-variance frontier if there is
no portfolio with the same mean and a smaller variance. The optimal portfolio within a
given account of an investor in Das et al.’s model would be selected by a hypothetical
investor in Markowitz’s model with some (implied) risk aversion coefficient. Conversely, the
optimal portfolio of an investor in the latter model would be selected within an account of a
hypothetical investor in the former with some (implied) thresholds. The aggregate portfolio
of an investor in Das et al.’s model (the combination of the investor’s optimal portfolios
within accounts) is also on the mean-variance frontier if short selling is allowed.

Bridging Markowitz’s contributions, results along three dimensions are here uncovered.

First, consider the loss in certainty-equivalent return (CER) arising from an investor using
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an erroneous (instead of the ‘true’) risk aversion coefficient in seeking to find the optimal
portfolio in Markowitz’s model. An analytical expression for the loss in CER is derived.
Importantly, the loss in CER in the case where the erroneous coefficient is less than the
‘true’ coefficient by some amount exceeds the loss in CER in the case where the erroneous
coefficient is greater than the ‘true’ coefficient by the same amount. Moreover, the loss in
CER is unbounded (bounded) from above in the former (latter) case.

Second, consider the impact of using thresholds instead of a risk aversion coefficient to
specify investor preferences on portfolio selection. For any positive risk aversion coefficient,
the optimal portfolio in Markowitz’s model lies on the mean-variance frontier above the
global minimum-variance portfolio. In comparison, for any pair of thresholds such that the
optimal portfolio within a given account exists in Das et al.’s model, this portfolio lies on
the mean-variance frontier at the same point as or above the global minimum-VaR portfolio
at the confidence level of one minus the threshold probability, which in turn lies above the
global minimum-variance portfolio. While different risk aversion coefficients lead to different
optimal portfolios in Markowitz’s model, infinitely many pairs of thresholds lead to the same
optimal portfolio within an account in Das et al.’s model.

Third, consider the risk aversion coefficients implied by optimal portfolios within accounts
when these portfolios exist. Using an analytical characterization of such coefficients, key
observations are made. Assuming thresholds such that the optimal portfolio within a given
account exists, the risk aversion coefficient implied by this portfolio: (i) is strictly between
zero and a positive value associated with the global minimum-VaR portfolio at the confidence
level of one minus the threshold probability; (ii) decreases in the threshold probability; (iii)

increases in the threshold return; and (iv) is very sensitive to the thresholds if the coefficient
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is relatively large but notably less so if the coefficient is relatively small.

The results uncovered here have two key practical implications. First, in attempting to
infer the preferences of an investor with a risk aversion coefficient to implement Markowitz’s
model, practitioners should be aware that the loss in CER arising from using an erroneous
coefficient less than the ‘true’ coefficient by some amount exceeds the loss in CER arising
from using an erroneous coefficient greater than the ‘true’ coefficient by the same amount.
Second, in attempting to infer the preferences of an investor with thresholds to implement
Das et al.’s model, practitioners should be aware that optimal portfolios within accounts and
the risk aversion coefficients implied by such portfolios are very sensitive to the thresholds

for relatively large coefficients but notably less so for relatively small coefficients.
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Fig. 1. The mean-variance frontier

In Fig. 1(a), the hyperbola plots portfolios on the mean-variance frontier in (E[ry], o[ry])
space. The dashed half-lines show the asymptotes of the frontier: E[r,,] = A/C+\/D/Coc[ry).
The dot (‘e’) represents the global minimum-variance portfolio, wy. Its expected return
and standard deviation are, respectively, A/C and /1/C. In Fig. 1(b), the parabola plots
portfolios on the frontier in (E[ry], 0%[r.,]) space. The leftmost and rightmost dots represent,
respectively, portfolios wo and w;. While their respective expected returns are A/C' and B/A,
their respective variances are 1/C and B/A?. Note that w; lies in (E[ry],o%[r,]) space at
the point where a ray from the origin that goes through wq crosses the frontier; see Section
2 for the definition of A, B, C, and D.

(a) The mean-variance frontier in (E|ry|,olry]|) space
Elry]

A/C

Bl

4
e /D/Cofyes

(b) The mean-variance frontier in (E[ry], 0?[ry]) space

Elry]
w;
B/A ..................... .
wy .
AJC ererennmnnnennnnn,
0 1/C B/A? -
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Fig. 2. The optimal portfolio and the loss in CER arising from using an
erroneous risk aversion coeflicient instead of the ‘true’ risk aversion coefficient

Consider an investor with a risk aversion coefficient of v € R, . In Fig. 2(a), the rightmost
dot (‘e’) shows that the investor’s optimal portfolio, w., lies in (E[ry], o[ry]) space at the
point where the top thin dashed indifference curve associated with ~ is tangent to the top
half of the curve representing portfolios on the mean-variance frontier. The leftmost dot
plots the global minimum-variance portfolio, wy. The middle dot shows that the portfolio
selected by the investor when using an erroneous risk aversion coefficient of v, > v, w,_,
lies in (E[ry], o[ry]) space at the point where the thick dashed indifference curve associated
with ~,. is tangent to the top half of the mean-variance frontier. The bottom thin dashed
indifference curve associated to y goes through w.,_. The loss in CER arising from the investor
selecting w,,_ instead of w,, L, ,_, is the vertical distance between the top and bottom thin
dashed curves. Given vy € R, ;, Fig. 2(b) illustrates how L. ,_depends on .. Fig. 2(c) reports
the relative change in the loss in CER if 7, is less than 7 by some percentage x € (0,30%)
instead of being greater than ~ by the same percentage, RC'L,.

(a) The optimal portfolio with a risk aversion coefficient of v and the loss in CER

arising from using an erroneous coefficient vy, instead of the ‘true’ coefficient
E[ry] ’

Ly,
0
o[rw]
c e relative change in the loss in
The relative ch n the loss i
CER, RCL,, if v, is less (instead of
(b) The loss in CER, L,.,_, and 7, being greater) than ~ by percentage k
Ly e RCLy; 250%
200%
150%
(D/C)/(27) -~ 100%
' Inflection point
! 50%
l 0%
(D/C)/(IS’YO) L (())O/o 5% 10% 15% 20% 25% 30%
K
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Fig. 4. The global minimum-VaR portfolio

The curve represents portfolios on the mean-variance frontier in (E|ry]|, o[ry]) space. The
leftmost dot (‘e’) plots the global minimum-variance portfolio, wy. Its expected return and
standard deviation are, respectively, A/C' and \/1/C. The rightmost dot plots the global
minimum-VaR portfolio, w;_,, when the confidence level is 1 —« and « € (0, @); see Eq. (20).
Its expected return, standard deviation, and VaR at confidence level 1 — a are, respectively,
E1_ o, 01-a, and Vi_,; see Egs. (23), (24), and (25). Portfolio w;_, lies at the point where
a line with slope z, [= AE[ry]/Aoc(ry]] is tangent to the top half of the mean-variance

frontier. The intercept of this line is H, = —V]_,; see Egs. (21) and (25).

Elrw] _AE[r,]
o= Aory)

Ho= Viea J1/C o1 -a olru]
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Fig. 5. Non-existence of the optimal portfolio within a given account

The curve represents portfolios on the mean-variance frontier in (E[ry], o[ry,]) space. Con-
sider an account m € {1,..., M} with threshold probability «,, € (0,1/2) and threshold
return H,, € R. The line has an intercept of H,, and a slope of z,, [= AE[ry|/Ao[ry]]-
Portfolios that meet probability constraint (16) lie on or above this line. In Fig. 5(a), the
constraint is overly loose. Since the portfolios on the frontier with sufficiently large expected
returns lie above the solid line, the set of expected returns of portfolios that meet the con-
straint does not have a finite upper bound and thus the optimal portfolio within account
m does not exist. In Fig. 5(b), the constraint is overly tight. Since the solid line lies above
the curve, no portfolio meets the constraint and thus the optimal portfolio within account
m does not exist.

(a) Probability constraint (16) is overly loose
E[Tw]

Hp,

(b) Probability constraint (16) is overly tight
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Fig. 7. Thresholds of accounts with the same optimal portfolio as account m

Consider an account m € {1, ..., M'} with threshold probability «,, € (0, @), threshold return
H,, € (—o0, H,, ], and optimal portfolio w,,, g, . As the dot (‘e’) in Fig. 7(a) shows, w,,, .,
lies in (E[ry], o[rw]) space at the point where a line with an intercept of H,,, and a slope of z,,
crosses the top half of the curve representing portfolios on the mean-variance frontier. The
optimal portfolio within an account with thresholds o € (0, @) and H,, is w,,, u,, because it
lies at the point where a line with an intercept of H, and a slope of z, crosses the top half
of the frontier. The optimal portfolio within an account with thresholds @ and Hz is again
W,,, i, because it lies at the point where a line with an intercept of Hz and a slope of z5
is tangent to the top half of the frontier. Hence, w,,, m,, equals the global minimum-VaR
portfolio at confidence level 1 — @, w,_5. Fig. 7(b) plots the thresholds {(a, Ha)},c(oz Of
all accounts with the same optimal portfolio as account m; see Egs. (31) and (32).

(a) Thresholds of two accounts with the same optimal portfolio as account m
Elrw)

(b) Thresholds of all accounts with the same optimal portfolio as account m
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Fig. 8. Impact of the thresholds on the risk aversion coefficient implied by the
optimal portfolio within account m
Consider an account m € {1,..., M}. Given a threshold probability «,, € (0,@), Fig. 8(a)
plots the risk aversion coefficient implied by the optimal portfolio within account m, 71@, H,
as a function of threshold return H,, € (—oc0, H,,,]; see Eqs. (20) and (21). Note that v/, -
(i) converges to zero as H,, converges to minus infinity; and (ii) is 7, if H,, = H, :see Eq.
(36) and Corollary 7. Given a threshold return H,, € (—oo, A/C), Fig. 8(b) plots v} .
as a function of threshold probability ,, € [ay, ,@); see Eq. (30). Note that v/, » : (i)
converges to zero as a,, converges to @ from below; and (ii) is ¥y  if s, = ap ; see Eq.

(37) and Corollary 8.

(a) Impact of threshold return H,, on implied risk aversion coefficient 72% H,

,YamaHm

,Ya"l ---------

I

[}

[}

|

[}

[}

[}

[}

[}

|

[}

st} I

[}

0 H,, H,
(b) Impact of threshold probability o, on implied risk aversion coefficient 7y, g
,yéﬂ'ldHﬂ’L
YH, "__'l
|
[
I
)
[}
[}
[}
[}
[}
}
}
[}
[}
[}
[}
[}
[}
[}
[}
[}
0 am. a O

129



Fig. 9. The aggregate portfolio

The curve represents portfolios on the mean-variance frontier in (E[r,], o[rw]) space. Suppose
that there are three accounts (m = 1,2,3). For any account m € {1,2,3}, the threshold
probability is o, € (0,@), the threshold return is H,, € (—oo, H,, ], the optimal portfolio
is wa,, m,,, and its expected return is E,,, m,,. The figure assumes that as > ay > «o; and

Hs < Hy < Hy. Given a vector of fractions of wealth in the accounts y € R3 | the aggregate

portfolio is w, = 30 | YmWa,, m, and its expected return is B, = > _ ymFa,, i, The
first, second, third, and fourth dots (‘e’) from the left plot, respectively, wa, ,, Way.m,,
W,, and W,, g,. For any account m € {1,2,3}, w,,, g, lies at the point where a line with
intercept H,, and slope z,,, crosses the top half of the frontier. Since the figure assumes that
a3 > ag > a1 and Hy < Hy < Hjp, probability constraint (16) loosens when moving from
account m = 1 to account m = 2 and in turn to account m = 3. Hence, w,, z, lies above

W, iy, Which in turn lies above wq, m,.

Elrw]

E,gb-—=mrmmrrcerrc e e e e e =
o Note that

EahH1 __________ ]\gote that
wa = Z’ﬂl:l yn]'wawnH

m

olrw]
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Fig. 10. Loss in CER arising from using an erroneous risk aversion coefficient

An investor with a risk aversion coefficient of v € R, who uses an erroneous risk aversion
coefficient of v, € R, | in seeking to find the optimal portfolio has a loss in CER of L, ,_; see
Eq. (9). The thin dashed, thick dashed, thin solid, thick solid curves show how L. ,_depends
on 7. € (0,10] for, respectively, investors 1, 2, 3, and 4. These curves are truncated so that
L, is 10% or less. Recall that investors 1, 2, 3, and 4 have risk aversion coefficients of,
respectively, 3.7950, 2.7063, 0.8773, and 2.1740; see the last column of Table 2(b).

L, 10%7 | 1
| ||| Investor 3 (y=0.8773)
1
oot | |V}
I
|
6% 1 |
4% 1
Investor 4 (y=2.1740)
2% 1 -
~ - = T T e
- ee=me-mTTTT Investor 1 (y=3.7950)
0% === + + + + {
0 1 2 3 4 5 6 7 8 9 10
Ve
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Fig. 11. Existence of optimal portfolios within accounts

The dashed vertical line goes through a,, = @ = 33.40%; see Eq. (20). The curve plots H,,,
as a function of o, € (0,@); see Eq. (21). This curve is truncated so that H,,, is —16% or
more. The dots (‘e’) plot the pairs of thresholds of accounts 1, 2, and 3, {(ay,, Hn)}3,_1;
see the last two columns of Table 2(c). For any account m € {1,2,3}, note that the pair
of thresholds (a,, H,,) plots both: (a) strictly between the y-axis and the dashed vertical
line so that a,,, € (0,@); and (b) below the curve so that H,, € (—oo, H,, ). Hence, optimal

portfolios within accounts exist; see Theorem 5(i).

H, 16%7 .
" Thresholds for which the optimal :
1906 + port folio within account m does not exist !
A :
I
8% 1 !
|
4% 1 !
I
|

00/0 X + + : — i

10% 20% 0% | ;¢ 40%
1 Account 2 | Oy,

4% I
{ I
I
I
8%  Account 1 Thresholds for which the optimal !
] port folio within account m exists !
-12% 1 !
Account 3 :
[ ) I
-16% L '
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Fig. 12. Thresholds of three accounts with the same optimal portfolios as
accounts 1, 2, and 3

The thin dashed, thick dashed, and solid curves identify pairs of thresholds {(, Ha)}ye07)
of three accounts with the same optimal portfolios as, respectively, accounts 1, 2, and 3; see
Egs. (31) and (32) as well as Theorem 6. The solid curve is truncated so that H, is —100%
or more. The dots (‘e’) on the thin dashed, thick dashed, and solid curves plot the pairs of
thresholds of, respectively, accounts 1, 2, and 3; see the last two columns of Table 2(c).

H, 20% T
10% 20% 30% 40%

0% f——————=—= I a—-_—-;"
Account 1 _oa==~, - = = o
O S
.- -
17 -
-20% I,/ Account 3

)

)

-40% 1
-60% T

-80% T

-100% -~
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Fig. 13. Impact of the thresholds on the risk aversion coefficients implied by
the optimal portfolios within accounts 1, 2, and 3

Given a threshold probability a; = 5%, Fig. 13(a) plots the risk aversion coefficient implied
by the optimal portfolio within account 1, v, x,, as a function of threshold return H; €
[—40%, H,,]; see Eq. (21). Given H, = —10%, Fig. 13(b) plots 7% p, as a function of
o € [ag,,20%]; see Eq. (30). Given oy = 15%, Fig. 13(c) plots 7%, p, as a function of
Hy € [-40%, H,,). Given Hy = —5%, Fig. 13(d) plots 7}, 5, as a function of ay € [ay,, 20%).
Given ag = 20%, Fig. 13(e) plots %, ;. as a function of Hy € [—40%, Hq,]. Given Hs =
—15%, Fig. 13(f) plots 7}, z, as a function of as € [ay,, 20%].

‘ Part I: Account 1 ,
(a) Impact of Hy on 7., p, if ar=5% (b) Impact of ay on 7, g, if Hi =—10%

YooH, 140 Yo, Hy 90
75
30
60
20 45
30
10
15 L
0
-40% -30% -20% -10% 0% 10% 0% 5% 10% 15% 20%
H [e3]

‘ Part II: Account 2 '
(¢) Impact of Hy on v, y, if aa = 15% (d) Impact of oy on i, g, if Hy = —5%

Vo, Hy 40 Voo, Hy 90
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30
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20 45
30
10
4/ 1
0
-40% -30% -20% -10% 0% 10% 0% 5% 10% 15% 20%
Hy a9

‘ Part III: Account 3 ,
(e) Impact of Hz on v, y, if az=20% (f) Impact of oz on e, y, if Hz=—15%
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Table 2. Optimization inputs and values of the parameters used to specify the
preferences of investors in the models of Markowitz and Das et al.

Table 2(a) contains the optimization inputs for three assets (1, 2, and 3). Table 2(b) shows
the risk aversion coefficients of four investors (1, 2, 3, and 4) in Markowitz’s model. Table
2(c) shows the fractions of wealth and thresholds of three accounts (1, 2, and 3) of an investor
in Das et al.’s model. The values in Tables 2(a), 2(b), and 2(c) are the same as the values
used in the numerical example of Das et al.

(a) Optimization inputs

Expected | Standard Correlation coefficient
Asset return | deviation Asset 1 Asset 2 Asset 3
1 (risky bond) 5% 5% 1.0 0.0 0.0
2 (low-risk stock) 10% 20% 1.0 0.2
3 (high-risk stock) 25% 50% 1.0

(b) Risk aversion coefficients of
inwvestors in Markowitz’s model

Investor Risk aversion coefficient
1 3.7950
2 2.7063
3 0.8773
4 2.1740

(¢) Fractions of wealth and thresholds of the accounts of
an investor in Das et al.’s model

Fraction of Threshold Threshold
Account wealth probability return
1 60% 5% —10%
2 20% 15% —5%
3 20% 20% —15%

136



0vLT°C - %cE 08 V8 ET %Ll9€e WL CY %I91V¢ oroyytod 9ye3a133y
€LL80 %G1 WET 6V %49€°9¢ %0L°C8 %6196 %06"8L— €
€90L°¢ %S %LG 9T WL1CT %V1LC %667E %L8LE 4
056L°€ %0T %0€°CT %€C 01 %6761 %95°9¢ %¥6°€S I
JUSIOIJO0D UOISIOAR | Y BA UOTYRIAD(] WIneY ¢ 19SSy g 19SSy T J0ssy JUNO2OY
ysu porpdury prepue)s | pojoadxry SIYSOM
orjojyrod 99ego1sse pue syunodoe urgim sorjoyriod rewrnd()

12POWL S, 1D 12 SD(] UL 401520UL UD [0 01]0f340d 2IDbaLbOD 21 puD SIUNCID UYPM s0Y0f1i0d pwrido 2y, (q)

137

%¢€°0C %8 €l %LI°€E WL1'CY %9TVe 4
%eT 6V %G€"9C %0L°28 %6196 %06"8L— e
%LGIT %L1CL WY1 Le %66'7E %L8LE 4
%0€°CT %ET 0T %6761 %94°9¢ %v6°€S I
UOTIRIAD(] WY ¢ jossy g 108y T 19SSy JO)SOAU]
pIepuelg | pojoedxy STYSTOAN
orjoyjrod Tewryd()

[2POWL 8, Z)UNOYUDPY UL S.403520uUL Jo sonofiiod puwydo) (v)

"SHUN0O0e
oY) UI [[J[eam JO SUOIORIJ 8} I0J (2)g S[(R], JO UWN[0D PU0dLs oY) 90s ‘of[ofp1od s1y) Aq parjduil JUSIOIJE0D UOISIOAR YSLI JY) Se [[om
se (sjunoooe uryym sorojyiod rewrydo s I09S0AUT 9Y) JO UOIJRUIGUIOD 9Y)) [9POUIL S,'[@ 19 Se(] Ul I03S9AUl o1[) JO o1[0j)Iod 91e8a133e o1)
JO UOIJRIAGD pIepUR)S PUR ‘WINDI Pajdadxe ‘sjysdtom josse ot} sopraoid (q)g o[qr], JO MOI Ise] oy T, AYiqeqold PlOYSOIY) S JUNOdO
9} SNUIW SUO 0} [eNDd [9A9] 2OULPYUOD ® JR palIodal SI JUNOKOR USALS ® UM Or[0))10d [eurjdo oY) JO YrA OUT, "SP[OYSSIY) oY}
10 (9)g O[qRL, JO SUWN[od om) jse[ 9y} 9os sorjojirod 9sey) Aq parjduWll SHUSIOIJO0D UOISIOAR YSLI Y} Sk [[oM Se [9POW S '[R 19 SB(] Ul
IOJSPAUL UR JO ¢ pue ‘g ‘T sjyunodoe urgiim sorojrod rewrydo oY) Jo syRA PUR ‘SUOIJRIASD PIRPUR)S ‘SUINJAI Pajoadxoe ‘s)ysom josse
o) op1aoid (q)g o[qRT, JO SMOI 991} IS O], 'SJUSIDO0D UOISIOAR YSLI I1Y] 10J (q)g S[R], JO UTN]0D )Se[ 91} 89S ([9POUI S Z}IMONIR]A
ur § pue ‘g ‘g ‘T s1ojseaul jo sorjojpiod rewrydo o1} JO SUOIJRIASD PIRpUR)S ‘SWIMIAI poldodxe ‘sydtom josse o1y soplaoid ()¢ o[qe],

‘Te 90 se( puR Z}IMONJIR]A JO S[OPOW 3} UI SI0)S9AUL 10J sor[ojyiod ewpdQ *¢ a[qe],



Online Appendix

Table Al. Summary of notation

Table Al(a) summarizes the notation used for Markowitz’s model, which is also used for the

Das et al.’s model. Table A1(b) summarizes additional notation used for the latter model.

(a) Notation used for Markowitz’s model

N Number of assets
n N x 1 vector of expected asset returns
by N x N variance-covariance matrix for asset returns
w N x 1 vector of asset weights in a portfolio
Tw Random return of portfolio w
E[ry] Mean or expected return of portfolio w
02 [T Variance of portfolio w
o[rw] Standard deviation of portfolio w
A B,C,D Constants used to analytically characterize the mean-variance frontier
wy Global minimum-variance portfolio
wy Portfolio located in (E|[ry], 02[ry]) where a ray from the origin
that goes through portfolio w, crosses the mean-variance frontier
wWg Portfolio on the mean-variance frontier with an expected return of E
Op,1—0g Weights of portfolios wy and w; in portfolio wg
0% Risk aversion coefficient
w, Optimal portfolio with a risk aversion coefficient of
0,,1—10, Weights of portfolios wy and w; in portfolio w,
E, o, Expected return and standard deviation of portfolio w.,
Ve Erroneous risk aversion coefficient
Ly, Loss in CER arising from an investor using . instead of ~y
Vems Vet Erroneous risk aversion coefficients, respectively,
below and above v by percentage k
K Percentage that v, and v, .+ are, respectively, below and above

L

’7775,;{7 ’ L’Y7’Ys,m+

Losses in CER for an investor using, respectively,

Ve and 7, .+ instead of y

RCL,

Relative change in the loss in CER

for an investor using v, ,_ instead of v, .,
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(b) Additional notation used for Das et al.’s model

M Number of accounts
Y M x 1 vector of fractions of wealth allocated to the accounts
O, Hy, Threshold probability and threshold return of account m
11—« Confidence level to compute VaR
() Cumulative univariate standard Normal distribution function
Za Minus the inverse of ®(-) evaluated at «
VI[1 — a,ry] VaR at confidence level 1 — « of portfolio w
a Threshold probability at or above which optimal portfolios within
accounts do not exist
H, Threshold return at or below which the optimal portfolio within
a given account exists when threshold probability a € (0, @)
Wi_g Global minimum-VaR portfolio at confidence level 1 — «
01—, 1 —01_¢ Weights of portfolios wy and w; in portfolio wy_,,
Wa,, H,, Optimal portfolio within account m
Ocrn iy L — Oa,, 1, Weights of portfolios wy and w; in portfolio w,,, #,,

Eam,Hm 1 O, Hpn,

Expected return and standard deviation of portfolio w,, m,,

Ve Hm VaR at confidence level 1 — o, of portfolio w,,, m,,
vflm o, Risk aversion coefficient implied by portfolio w,,, #,,
a, H, Thresholds of account with optimal portfolio equal to w,, #,,
1—a Confidence level at which w,,, u, equals w, 3
Ve Risk aversion coefficient implied by portfolio w, 7
Qg Threshold probability below which the optimal portfolio within
account m does not exist when threshold return H,, € (—oo, A/C)
T, Risk aversion coefficient implied by portfolio wa,,  m,,
ay, H, Thresholds of account with an optimal portfolio equal to w.,
w, Aggregate portfolio
0,,1—10, Weights of portfolios wy and w; in portfolio w,
E, o0, Expected return and standard deviation of portfolio w,
o Risk aversion coefficient implied by portfolio w,
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Proofs of theoretical results

Proof of Theorem 1. Consider an investor with a risk aversion coefficient of v € R, ..
Using Eq. (2), the following holds:

o*[ru] = 1/C + (E[ro] — A/C)*/(D/C) (A.1)

for any portfolio w on the mean-variance frontier. Since w,, is on the top half of the mean-
variance frontier, Eq. (A.1) implies that £, solves:

max E — (v/2) [1/C + (E — A/C)2/(D/C)] . (A.2)

EeR

E,—A/C
5 = 0.

Therefore, Eq. (7) holds. Using Eq. (1) as well as the facts that w, is on the mean-variance

A first-order condition for E, to solve maximization problem (A.2) is 1 — v

frontier and has an expected return of £, Eq. (6) holds. Eq. (8) follows from Egs. (7) and
(Al).m

Proof of Corollary 1. First, consider part (i). Fix an investor with a risk aversion coefficient
of y € Ry Since D/C > 0 and v > 0, Eq. (7) implies that E, > A/C. Recall that w, has
an expected return of A/C'. Hence, w., lies above wy in (E|[ry], o[ry]) space. This completes
the proof of part (i).

Second, consider part (ii). Eq. (7) implies that £, converges to A/C and thus 6., converges
to one as y converges to infinity. It follows from Eq. (6) that w. converges to w, as 7

converges to infinity. This completes the proof of part (ii). B

Proof of Corollary 2. Since D/C > 0, Eq. (7) implies that E. converges to infinity as v

converges to zero. B

Proof of Theorem 2. Consider an investor with a risk aversion coefficient of v € R, ; who
uses an erroneous risk aversion coefficient of v, € R \{7} in seeking to find the optimal
portfolio. It follows from Egs. (3), (7), and (8) that:

U(Elrv,],olrw,]) = A/C+(D/C)/(27) = (v/C)/2. (A.3)
Using Eqgs. (7) and (8) with v = 7_:
E, =A/C+(D/C)/. (A4)

and:

0., = IO+ (DJO)/72. (A.5)
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It follows from Egs. (A.4) and (A.5) that:

U(E[rw, ] 0lrw, ]) = A/C+(D/C)/v. — (v/C)/2 = (v/2)(D/C) /~Z. (A.6)

Using Eqgs. (A.3) and (A.6):

U(Elra,],olre,)) =U(E[rw, ], 0[re, ]) = (D/C)/(27) = (D/C) /7. +(v/2)(D/C) /7Z. (A.T)
Eq. (10) follows from Egs. (9) and (A.7) as well as elementary algebra. B

Proof of Theorem 3. Fix an investor with a risk aversion coefficient of v € R,, who
uses an erroneous risk aversion coefficient of v, € R, \{7} in seeking to find the optimal
portfolio. First, consider part (i). Suppose that v, =7, .- = (1 —x)y where x € (0, 1). Since
7. = (1 — k)7, Eq. (11) follows from Eq. (10). This completes the proof of part (i).

Second, consider part (ii). Suppose that 7, = v, .+ = (1 + &)y where x € (0, 00). Since
7. = (14 k)7, Eq. (12) follows from Eq. (10). This completes the proof of part (ii).

Third, consider part (iii). Suppose that x € (0,1). Eq. (13) follows from Egs. (11) and
(12). This completes the proof of part (iii). B

Proof of Theorem 4. The proof is similar to the Proof of Proposition 1 in Alexander and
Baptista (2002). In particular, Egs. (23), (24), and (25) follows from, respectively, Egs. (A.8),
(A.6), and (11) in Alexander and Baptista. B

Proof of Theorem 5. The proof of follows by replacing symbols with a superscript ‘¢’
with symbols without this superscript in the Proof of Theorem 1 in the Online Appendix of
Alexander et al. (2017).4! m

Proof of Corollary 3. Fix an account m € {1, ..., M} with threshold probability «,, € (0, @)
and threshold return H,, € (—oo, H,, ]. It is convenient to first show part (ii). Suppose that
H,, = H,,,. Using Eq. (21) with a = ay,:

Ha, = A/C—\/(z3, - D/C)/C. (A.8)

[0}

Substituting H,, in the right-hand side of Eq. (28) with the right-hand side of Eq. (A.8) and

using elementary algebra:

Gomitn = (2,/C) /22, = D/C). (A.9)

AlGQee Alexander, G. J., A. M. Baptista, and S. Yan. 2017. “Portfolio Selection with Mental Accounts and
Estimation Risk.” Journal of Empirical Finance 41, 161-186. doi: 10.1016/j.jempfin.2016.07.012. The Online
Appendix of Alexander et al. (2017) is available at: <blogs.gwu.edu/alexbapt/files/2017/03/JEFAppendix-
2m65ivr.pdf>>. In Alexander et al., the symbols with superscript ‘e’ are associated to the use of estimated
optimization inputs p® and X° (instead of the ‘true’ optimization inputs g and X). In comparison, the
subscript ‘¢’ in “y,’ is used here to denote the erroneous risk aversion coefficient of an investor in Markowitz’s
model.
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Egs. (24) and (A.9) imply that o, 5, = 01-a,,. Since W,,, g, and wi_,,, lie on the top
half of the frontier, w,,, m,, =W1i_a,,. This completes the proof of part (ii).
Next, consider part (i). Suppose that H,, € (—oc, H,, ). Since H,, < H,,, Eq. (21)
implies that:
H, <A/C—(zl —D/C)/C. (A.10)

(07

It follows from Eq. (A.10) that:

(22 —DJ/C)/C < A/C — Hy,. (A.11)

«

Since a,, € (0,@), note that 22 > D/C. The fact that 22 > D/C and Eq. (A.11) imply
that A/C — H,,, > 0. It follows from Eq. (28) that:

—D/C(A/C—H,,)

900,y _ " D/ONA/C—Hu)~(2,,~D/O)/C] (A12)
0H,, 22 —D/C ' '
Since z,,, >0, D/C >0, and A/C — H,,, > 0:
(?aa H
T~ ()., A.13
OH.. (A.13)

Using the assumption that H,, < H,,,, Corollary 3(ii), and Eq. (A.13), 0w, H,, > 01 -
Since w,,, g, and wi_,,, lie on the top half of the frontier w,,, p, lies above wi_,, in

(E[ry],olrv]) space. This completes the proof of part (i). B

Proof of Corollary 4. Fix an account m € {1,..., M} with threshold probability «,, €
(0,@). Since z2 > D/C > 0, Eq. (28) implies that the o4, g, converges to infinity as H,,
converges to minus infinity. It follows from Eq. (27) that E,,, g, also converges to infinity

as H,, converges to minus infinity. B

Proof of Corollary 5. Fix an account m € {1,..., M} with threshold probability «,, €
lay @) and threshold return H,, € (—oo0, A/C). It is convenient to first show part (ii).
Suppose that a,, = ay . It follows from Eq. (30) that:

Zay, = V/D/C 4+ C(A/C — H,,)2 (A.14)

Egs. (21) and (A.14) imply that:

H., = H,. (A.15)

Using Corollary 3(ii), wa,, #,, =Wi—a,,. This completes the proof of part (ii).

Consider now part (i). Suppose that a,, € (ay ,@). For brevity, let:

F=\/(D/C)[(A/C ~ H,)? - (:2, - D/C)/C]. (A.16)
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Egs. (28) and (A.16) imply that:

. (A)C — Hyp)+ P« zen | (2 Doy 9z e (AJC — Hy) + F)
am,Hm
0za,, (22 — D/C)2

«

(A.17)
It follows from Eq. (A.17) that:

«

00t  (A/C — Hp) F —(D/C?) 24,] (22, — D/C) — 2z, [2a,, (A/C — Hy) + F| F

0o (22, —D/C)’F
(A.18)
Simplifying Eq. (A.18):

900, ., —(A/C—Hy)F(D/C) = z,, (D/C?) (22 — D/C) =22 (A/C — Hyp) F — 224, F?

0z, (2. —DJC)’F
(A.19)
Since z,,, > /D/C >0, A/C — H,, >0, and F > 0, it follows from Eq. (A.19) that:

(9aa H,

™ < (), A.20

. (A.20)
Noting that % < 0, Eq. (A.20) implies that:
8aa H,

— ™ S (). A.21

e (A.21)

Using the fact that a,, > ap , Corollary 5(ii), and Eq. (A.21), 04, #, > O1-a,- Since
W, m,, and wi_,, lie on the top half of the frontier, w,,, g, lies above wi_,,, in (E[ry], o[ry])

space. This completes the proof of part (i). B

Proof of Corollary 6. Fix an account m € {1,..., M} with threshold return H,, €
(—00, A/C). Using the definition of z,, and Eq. (20), z,, converges to \/D/C as a,, con-
verges to @ from below. Therefore, the assumption that H,, < A/C and Eq. (28) imply that
T H,, CONverges to infinity as a,, converges to @ from below. It follows from Eq. (27) that

E,, m, also converges to infinity as «,, converges to @ from below. B

Proof of Theorem 6. Fix an account m € {1, ..., M } with threshold probability «,, € (0, @)
and threshold return H,, € (—oo, H,, ]. Fix another account with threshold probability
a € (0,a] and threshold return H,. Egs. (27) and (32) imply that:

A[C = Ho = 200, =/ (D/C)G2, 1, = 1/C). (A.22)
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Using Eq. (28) with (ay,, Hy,) = (o, Hy,) as well as Eq. (A.22):

% 20001, = /(DIOVGE, 4, —1/C)]

Catla = 22— D/C
2
/)| [satasn. = \[(DIONGE, 1, ~1/0)] = (2= DJCYIC}
(A2
i 2-DJC (4.23)

It follows from Eq. (A.23) and elementary algebra that:

o |Za0anitn = \[(DJC)G2, = 1/C)]

Tetle = 22-DJC
2
\/(D/C) (za\/aimHm -1/C — \/D/C’aamﬂm)
+ 7 D70 . (A.24)

Simplifying Eq. (A.24), 04,1, = 0a,,.H,,- Since Wy g, and w,,, g, lie on the top half of the

m* m

mean-variance frontier, w, g, =Wa,,. m,,- W

Proof of Theorem 7. Fix an account m € {1, ..., M } with threshold probability a,, € (0, @)
and threshold return H,, € (—oo, H,,,]. Using Eq. (7) with v = (D/C) / (Ea,, n,, — A/C),

E, = FE,,, u,,- Hence, Eq. (35) holds. ®

Proof of Corollary 7. Fix an account m € {1,..., M} with threshold probability «,, €
(0,@). First, consider part (i). It follows from Corollary 4 that E,,, g, converges to infinity
as H,, converges to minus infinity. Hence, Eq. (35) implies that ygm’ 1, converges to zero as
H,, converges to minus infinity. This completes the proof of part (i).

Second, consider part (ii). Suppose that H,, = H,,,. It follows from Corollary 3(ii) that
W, H, =Wi_q,,- Bgs. (23) and (35) imply that:

Vot = (D/C) [\ (D2/C?)] (22, ~ D/C). (A.25)

Using Eq. (A.25), ’Yim,Hm =7%,, - This completes the proof of part (ii). m

«

Proof of Corollary 8. Fix an account m € {1,..., M} with threshold return H,, €
(=00, A/C). First, consider part (i). Using Corollary 6, E,., g

moytim

converges to infinity as
&, to @ from below. Hence, Eq. (35) implies that PYQm, [, converges to zero as oy, to a from
below. This completes the proof of part (i).

Second, consider part (ii). Suppose that a,, = ay; . Using Corollary 5(ii), wa,, #,, =Wi—a,,-

Since o, = ayy , it follows from Eq. (30) that:

2oy, = /D/C + C(A/C — H,,)2. (A.26)
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Egs. (23), (35), and (A.26) imply that:

Vot = (D/C) [v/(D?/C3)/[C(A/C — Hy)?). (A.27)
It follows from Eq. (A.27) that 4., =7y . This completes the proof of part (ii). m

Proof of Theorem 8. Fix an investor with a risk aversion coefficient of v € R, as well
as an account with threshold probability «., € (0, @,| and threshold return of H.,. It follows
from Egs. (2) and (7) that:

B, = A/C+ \/(D/o)(ag —1/0). (A.28)
Egs. (A.28) and (39) imply that:

AJC—H, =20 00— \/(D/C)(ag —1/0) (A.29)

Using Eq. (28) with (o, Him) = (o, Hy) as well as Eq. (A.29):

2a 20,00 = (D/C) (0% = 1/C)]
zz —D/C

Oay,Hy =

\/ (D/0) { 20,00 = (DIOYE ~1/C)] — (2, - D/O)/o}
22 —D/C

(67

+

. (A.30)

It follows from Eq. (A.30) and elementary algebra that:

Za., [z%a7 - \/(D/C)(G% — l/C')J
Gamtly = 22 —DJC

\/(D/C) (207f02 —1/C — /DJTo)

22 —D/C

+

(A.31)

«

Simplifying Eq. (A.31), 04, #, = 0. Since w,_ g, and w, lie on the top half of the mean-

variance frontier, W, 1, =W, B

Proof of Theorem 9. Suppose that threshold probability «,, € (0,@) and threshold return
H,, € (—o0, H,,] for any account m € {1,..., M}. Using Theorem 5(i), {w,,, m, }M_, exist
and so does w,. Egs. (40) and (41) follow the definition of w, as well as Eqs. (26) and (27).
Using Egs. (1) and (40), w, is on the mean-variance frontier. Hence, Eq. (42) follows from
Egs. (2) and (41). m
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Proof of Theorem 10. Suppose that threshold probability «,, € (0, @) and threshold return
H,, € (—o0, H,,, ] for any account m € {1,..., M }. Using Eq. (7) withy = (D/C) / (E, — A/C),
E, = E,. It follows that:

Yo = (D/C) [ (E. — AJC). (A.32)

Since "My, =1and E, = Y y,.Fu, .., Bq. (35) implies that:

> Y/, = (Ba = A/C) [ (D/C). (A3)

m=1

Eq. (45) follows from Egs. (A.32) and (A.33). ®
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Mispricing Risks on Subordinated Loan Securitization

Sung Ik Kim
Louisiana State University Shreveport
sung.kim@Isus.edu

ABSTRACT

This project introduces a groundbreaking factor copula asset pricing model tailored for the valuation of
collateralized loan obligations (CLOs) tranches, transcending the traditional large homogeneous portfolio
(LHP) assumption by incorporating non-Gaussian distributions and dynamic correlations. Addressing the
limitations of existing models, this innovative approach offers a more granular analysis of individual
loan risks within CLO portfolios, potentially rectifying mispricing issues, particularly in lower-rated
tranches. Through numerical analyses, the model demonstrates superior performance in capturing the
complex dependence structure among collaterals, thereby enhancing the precision of CLO tranche

pricing and contributing to a more efficient and transparent financial market.
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PRESIDENCY AND STOCK MARKET

Dr. Susan Ji
Christopher Newport University

Abstract

A significant body of literature explores how the political party affiliation of U.S.
presidents impacts stock market performance. Notably, Santa-Clara and Valkanov (2003)
found that stock market returns in the U.S. tend to be significantly higher during
Democratic presidencies compared to Republican ones. Their analysis showed annual excess
returns of 9% when using value-weighted market indexes and 16% with equal-
weighted market indexes under Democratic presidents. In contrast, Nofsinger (2004) did
not find similar results, suggesting that the relation between presidential party affiliation and
stock market performance may not be as straightforward as previously thought, highlighting
the need for further investigation and understanding.

Recently, Novy-Marx (2014) adds a layer to the debate by showing that the party of the
sitting U.S. president could predict the performance of popular stock market
anomalies. This prediction, however, was not isolated to political factors alone, but was also
influenced by other variables such as weather patterns and astronomical events. Gormley
(2015) finds that while there is some correlation between presidential party and
market behavior, it is often overshadowed by broader economic conditions and investor
expectations. Yuan, Zheng, and Zhang (2022) suggest that while presidential party affiliation
can impact market performance, investor sentiment driven by election outcomes plays a
crucial role in market dynamics.

To address the ongoing debate about whether the political party of the U.S. president
affects stock market performance, this paper expands on existing research by compiling and
analyzing a comprehensive dataset that includes both U.S. and international stock market
data. This extensive investigation aims to provide a clearer picture of the relation, if
any, between presidential party affiliation and stock market outcomes, offering insights
into how political dynamics might influence stock market performance.

Understanding the relation between a president's political party and stock market
performance has practical implications for investors and policymakers. For investors,
recognizing potential patterns associated with different presidential administrations
could elevate designing investment strategies and make decision-making more effective.
Policymakers, on the other hand, could benefit from this understanding to better navigate
the economic and political landscape, potentially leading to more effective financial policies
and strategies.

However, it is crucial to approach these findings with caution due to the complex nature of
the relation between politics and the stock market. Stock market performance is influenced
by a myriad of factors beyond presidential party affiliation, such as overall economic
conditions, global events, and specific policies enacted by presidents. Moreover,
presidents may sometimes need to implement palicies that contradict their party's ideology,
or face obstacles in policy execution due to ojpdp%sition from the Congress. These variables
can complicate the direct relation between a president’s party affiliation and stock market
performance.



Despite these complexities, this study aims to enrich our understanding of how politics relates
to stock market behavior. By examining a broad dataset and considering various influencing
factors, this research seeks to contribute valuable insights into the interplay between political
leadership and stock market performance. This knowledge can potentially aid in developing
more effective investment strategies and economic policies, as it helps to contextualize the
influence of political dynamics within the broader economic framework. Ultimately, while the
relations between presidential party affiliation and stock market performance is nuanced,
continued research in this area can offer practical benefits and enhance our understanding of
economic and political interactions.
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SIZE PREMIUM IN SMALL BUSINESS VALUATION: ANALYSIS OF
CLOSELY-HELD FIRMS

Prof. Craig Galbraith
University of North Carolina Wilmington

ABSTRACT

One of the most misunderstood components of valuing a small closely-held business is how
to address the impact of small size. Most closely-held enterprises are relatively small in size, with
market values generally less than $1million. Many small mom and pop operations, or single owner-
operator businesses, often have market values magnitudes smaller. The most common method to account
for size is to use the size premium reports from Kroll or another financial data service provider.
However, these small firm premiums are determined exclusively from publicly traded firms, where
even the category of the smallest publicly traded firms in these are still magnitudes larger than the
average closely-held firm. This study examines the Kroll size premium data on publicly traded firms and
compares it with an analysis of size data from a proprietary database of closely-held firm transactions.
We develop various models that better assess the impact of size on the cost of equity calculations for
small, closely-held firms.

INTRODUCTION

The valuation of small closely-held companies, most of which are single owner-operator entities,
always presents a difficult estimation process. There are a variety of issues the business valuator needs to
consider, such as accuracy of financial statements, adjusting for fair market expenses, and the nature
of owner compensation. Similar to real estate appraisals, there are generally three broad categories of
methods used to value small closely-held firms: asset methods, market comparable methods, and income
methods. In general, the asset method calculates the minimum value of a business (approximation of net
liquidation), while the comparable and income methods represent “going concern” values. The
comparable methods inevitably attempt to employ transactions of similar firms, and then apply various
metrics such as revenue multiples or price earnings ratios to the target firm.

The income methods, on the other hand, examine the earnings of the firm. The most common
income-based valuation method is the capitalization of earnings (or free cashflows/FCFE) methods. This
involves applying a capitalization rate to the adjusted earnings in order to obtain a fair market equity
value of the target firm. The calculation of the appropriate capitalization rate requires an estimate
of the associated discount rate, which is then adjusted for growth. In fact, the capitalization of earning
method is essentially an approximation of the present value of future earnings or cashflows under the
assumptions that past earnings will continue into the future at a somewhat constant growth rate. The
same approach is used in the valuation of commercial real estate and other income-generating assets.

For this reason, capitalization of earnings methods should be applied to relatively stable firms. It
is generally not appropriate for early-stage entrepreneurial firms, intellectual property valuations,
or situations where the future financial situation might be very different from the past. However, in
many cases of small closely-held firms, with stable earnings in the past, and no major expected changes
in the competitive environment in the future, the capitalization of earnings, with its underlying
theoretical assumption of discounted cashflows, is a reasonable and often-used method.

While income-based valuation methods have their own set of constraints, such as
developing accurate earnings or cashflow forecasts for the firm, a particular requirement for
calculating discounted earnings, or its associated capitalization of earnings methods, is the development
of an appropriate discount rate, or cost of equity. Unlike the cost of debt, which can be determined
from interest rates, the cost of equity requires significant thought and analysis. While there are many
different approaches associated with this calculation, the most common way of calculating the cost of
equity (re) for a closely-held business is the basic “build-up” method.
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le = Risk Free Rate + Equity Risk Premium + Industry Premium + Firm Specific Premium + Size Premium

In the build-up approach, the risk-free rate is generally determined by the yield rate of a government
backed instrument, such as T-bills or T-bonds, although there is some debate as to which is most
appropriate. The calculation of the equity risk premium can be quite complicated, with different opinions
regarding the appropriate methodology. Inevitably, however, the equity premium is calculated from data
of publicly-traded firms. Fortunately for the business appraiser, the calculated equity risk premiums are
easily obtained from published sources, such as from Kroll [6] or by Professor Aswath Damodaran’s work
at New York University [3]. Kroll, for example, currently reports a 5.0% equity premium for 2024 when
developing a discount rate for U.S. based firms.

The equity premium for international markets can also vary dramatically based on the country’s
risk and credit profile. Damodaran [3] reports a 2023 equity risk premium of 15.43% for Egypt, and 8.70%
for Spain, while other countries such as Canada and Germany are almost identical to the U.S. Since equity
premiums are determined from averages obtained from the full equity markets, when developing an
appropriate discount rate for a particular target firm, consideration must then be given more specific
characteristics, such as industry differences and a firm size adjustment. Industry premiums are also
available from a variety of sources, such as Damodaran [3].

If the target firm is a small firm, however, the issue of an appropriate small firm premium in
determining the discount rate must be given serious consideration. That is the focus of this study.

COMMONLY USED SIZE PREMIUMS - PUBLICLY TRADED FIRMS

The relationship between the size of the firm and the value of the firm has received significant
attention. From a theoretical point of view, the argument is basically two-fold. First, larger firms are
believed to have more bargaining and negotiating power in the market with their upstream suppliers and
downstream customers. The issue of asymmetric bargaining power enjoyed by larger firms has been
discussed for decades in the industrial organization and strategic management fields. This is often referred
to as “quasi-vertical integration” or “bilateral market power” [2] [8] [9] [14]. Second, large firms are
believed to have scale advantages both in input components, such as hiring better workers and receiving
bulk discounts, and in output components, such as size advantages in distribution. The impacts of both of
these forces, market power and scale economies, should be reflected in the firm’s earnings. It is important
to note that the impact of size is generally considered a component of excess returns that is not accounted
for, or implied, by the betas in a capital asset pricing model. This suggests that business size reflects an
expectation of future market capability not captured in past earnings performance but still reflected in equity
prices.

The impact of firm size on the cost of equity has been almost exclusively examined with publicly
traded firms, as revealed by the size premium published by various financial data providers, such as Kroll
[6], Duff & Phelps [5] and Ibbotson [11]. Contrary to the findings of a disappearing size effect that some
early research indicated [7] [10] there is substantial evidence that a small firm risk premium does exist with
publicly traded firms [1] [6] [11] [13]. For years, Kroll [6] (which merged with Duff & Phelps in 2018)
and other financial data providers have calculated the size premium by examining the size deciles of
publicly-traded firms, with the 10" decile being the smallest 10% of the publicly traded firms examined.

When valuing a small closely-held firm, however, there is a problem with using this “decile”
premium - the average size of firms in the 10" decile of publicly-traded firm is approximately $30million
in market capitalization. In comparison, the vast majority of closely-held firms have market capitalizations
significantly less, particular if the target firm is a typical owner-operated family business. In fact, the
median market value in the DealStat databases of closely-held firm sales transactions from 2020 to 2024
was approximately $400,000; with the market values ranging higher or lower depending on the industry
sector. For example, the median sales price value of “Eating and Drinking Places” (SIC 5822) was
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approximately $170,000 and the median market price for “Apparel Stores” (SIC 5600) was about $380,000.
Manufacturing enterprises, not surprisingly, tend to have somewhat higher capitalization values.

It is also important to note that the market values reported in transaction databases are actually
“enterprise” values which do not include any debt or other business obligations in the figure. Therefore,
equity values derived from publicly-traded stock prices are almost always significantly lower than
enterprise values, even for publicly traded firms. For example, the equity capitalization value of IBM is
approximately 25% lower than its enterprise value while many nano-publicly traded firms have equity
values magnitudes lower than their enterprise values due to their large debt obligations. Comparing a small
closely-held firm even with the 10" decile of publicly-traded firms is like comparing apples and oranges,
at best.

Recognizing this, Kroll and others, now report using four, more detailed 10" decile categories in
their analysis of U.S. publicly-traded firms - 10z, 10y, 10x, and 10w, with 10z being the smallest.
According to recent Kroll calculations, the small firm premiums for these the different categories of
publicly traded U.S. firms are shown below for 2021 and 2022. While the small firm premium can vary
from year to year (and slightly declining somewhat in the last decade for all deciles) it has been relatively
stable at the smallest category, 10z. For example, from 2012 to 2022 the Kroll 10z size premium has ranged
from a high of 11.77% (2012) to 11.17% (2022). Table 1 shows the Kroll small firm decile calculations
for 2021 and 2022.

Table 1: Size Premiums for Publicly-Traded Firms
(Kroll Categories of Market Capitalization)
Firm Size Mid-Point

Category Capitalization 2022 2021

10z $6,915,000 11.17% 11.29%

10y $15,920,000 6.34% 6.60%

10x $22,100,000 4.54% 4.65%

10w $27,035,000 2.34% 2.60%

9 $45,890,000 2.10% 2.29%

8 $96,755,000 1.21% 1.46%

) $173,545,000 1.34% 1.54%

6 $272,345,000 1.18% 1.37%

5 $414,235,000 0.89% 1.09%

4 $661,625,000 0.54% 0.75%

3 $1,247,740,000 0.55% 0.71%

2 $2,642,930,000 0.43% 0.49%

However, even the 10z category, which reports the smallest publicly-traded firms, still has a mid-
point equity capitalization near $7million, which is many times larger than the average enterprise
capitalization reported in the databases of closely-held firm sales transactions. However, the vast majority
of business appraisers are taught in their training classes to use the 10z (some still just use the 10 category)
to determine the small firm equity premium.

When valuing a typical closely-held business with a much smaller capitalization, an obvious
problem is evident - one can see a clear non-linear growth in the size premium as the firm gets smaller
(Table 1 and Figure 1). It is also evident from the decile calculations that the dramatic increase in size
premiums appears to occur primarily in the smallest size categories. This also indicates that even the more
detailed decile categorization may not capture the appropriate size premium for the smallest firms if they
fall in the lower range of the 10z definition.
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Figure 1: Reported Small Firm Premiums
(Average, 2021-2022; Kroll Categories 2-10Z)

Reported Small Firm Premium (%)
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If one is valuing, for example, a closely-held, owner-operated business with only $300,000 of
equity capitalization, using the 10z firm size premium will certainly underestimate this particular
component of the discount rate calculation. And underestimating the overall applied discount rate (and the
associated capitalization rate), will then over-estimate the actual fair market value of the target firm.

ANALYZING THE SIZE PREMIUM - PUBLICLY TRADED FIRMS

We approach the problem of estimating a more accurate small firm premium for very small, closely-
held firms in several ways. First, we simply use a regression of the Kroll data. We attempted several
different models (linear, logarithmic, exponential, power curve) and using different Kroll categories. Since
this is an exercise in extrapolation, obtaining a model with a good fit (or R?) is critical. After trying several
different model specifications, we found that a logarithmic regression model using the midpoint
capitalization for the 7,8,9, 10w, 10x, 10y, and 10z categories provides a good fit (R*> = 0.775). A similar
model was found using the 2 to 10z categories, although the R? was not as high, while the 9 to 10z categories
provided a slightly better fit (R? = 0.859), but with fewer data points. For the size premium metric for this
analysis, we average the 2021 and 2022 data. It should be noted that while there are only technically seven
datapoints in our regression, each of the Kroll categories is made up of hundreds of firms, for a total of
approximately 2,000 publicly-traded firms for the categories 7 to 10z. The results of the logarithmic model
are shown below.

Table 2: Logarithmic Model, Small Firm Premium
(Kroll Categories, 7 to 10z)

B T-statistic Prob
Constant 14.427 5.650 <0.002
Ln(Firm Capitalization) -2.891 -4.148 <0.009

To see the difference, if we assume a firm has around a $300,000 equity capitalization, this will
result in a small firm premium using our logarithmic regression model of 17.91% versus the 11.17% if one
simply uses the 2022 10z category from Kroll. This changes the overall discount rate by over 6%, which
would have a major impact on the estimated market value of the target firm. Using the regression for the 9
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to 10z deciles (not shown) results in a small firm premium of 21.59%, or a difference of over 10% in the
discount rate.

However, while the data from publicly-traded firms certainly suggest a non-linear relationship
between firm size and its equity premium, there are the typical validity concerns about extrapolating a
model fitted to a particular set of data to forecast something outside the range of the original data set or
scope. In this paper, we are therefore interested in exploring whether the same non-linear, negative small
size premium continues for smaller, closely-held firms.

THE IMPACT OF SIZE - CLOSELY HELD FIRMS

It is impossible to exactly replicate the analysis of publicly-traded firm size premiums with
transaction data for closely-held firms for several reasons. First, unlike publicly-traded firms where daily
stock prices can be examined for risk-adjusted market returns, closely-held firm transaction data is only a
one-time event upon the sale of the business. Given this, our analysis cannot calculate a beta-adjusted risk
associated with the small size premium.

Second, as previously mentioned, normally transaction data for closely-held firms is reported as
enterprise value. An enterprise value represents the total value, excluding any debt (since debt is rarely
assumed during the sale of a closely-held firm). This is similar to a real estate sale, where a house is sold
and subsequently recorded in the real estate transaction databases, at a price that doesn’t incorporate any
outstanding mortgage against the property. On the other hand, the analysis of publicly-traded firm data,
including the Kroll data, is based on stock price data, which is an “equity” value.

Third, in any closely-held company the owners can significantly influence reported earnings,
particularly related to control over salaries paid to themselves. For example, some owners of closely held firms
may pay themselves a large salary, thus reducing reported earnings, while other owners of closely held firms
may not pay themselves a salary, thus resulting in higher reported earnings and taking personal income through
owner “draws”. When performing a business valuation using the firm’s earnings, it often becomes necessary
to normalize the financial statements to reflect what an arms-length investor might do if they were to invest-in,
or purchase, the company.

However, we are not interested in exactly replicating the analysis from publicly-traded firms, but rather
interested in two issues. Our first interest is determining whether very small, closely-held firms follow the
same non-linear, logarithm pattern as seen Table 2 using comparable metrics. If closely-held small firms follow
the same pattern as seen for publicly-traded firms, then we have addressed the major validity concerns regarding
the extrapolation of the estimated logarithm regressions for the larger firm categories such as shown in the
Kroll calculations. Second, using transaction data for closely-held firms, can we develop a model that does, in
fact, reasonably estimate the size premium in determining a cost of equity discount rate for smaller firms?

Data

To examine this relationship for closely-held firms, data was obtained from a proprietary database
of sales transactions for closely-held firms. We use the DealStat’s database. DealStat (formally Pratt’s
Stats) is the world’s largest data base of sales transactions for closely-held firms. Data comes from a variety
of sources, including business brokers and merger and acquisitions professionals. The transaction data
contains several types of information related to each transaction, including the deal price, the deal structure,
the NAICS codes, product description, and the number of employees. Also included are revenue, income
and sometimes balance sheet items. The firms include a broad array of businesses, with the vast majority
of firms under $10million revenues.

We used sales transactions for the years 2016 to 2019, and 2022 to 2024. We exclude 2020-2021
to control for the impact of the Covid-19 years. There is ample evidence that most small businesses were
dramatically impacted by the Covid-19 restrictions of 2020, while 2021 is considered a year of pent-up
demand [4]. We examined the broad manufacturing, retail, and wholesale industry sectors (NAICS 31, 32,
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33, 42, 44, 45), resulting in a total sample size of 2,092. While recognizing there are probably industry
specific differences, since Kroll (and other financial service providers) pools data for their reported size
premiums, and since business valuators look for a generalized small firm premium in their analysis, we also
pool these sectors for the present analysis.

We perform two different analyses. The first analysis (Analysis 1) examines whether very small,
closely-held firms follow the same non-linear, logarithm pattern as seen in studies of publicly-traded firms.
This analysis is designed to address the validity concerns regarding the extrapolation of the estimated logarithm
regressions for the larger firm categories. The second analysis (Analysis 2) develops a model that reasonably
estimates the size premium in determining an equity-based discount rate for smaller firms using a subset of the
transaction data.

ANALYSIS 1: SMALL SIZE AND SELLERS DISCRETIONARY CASHFLOW CAPRATES

To control for the issue of owner’s salary identified above, we use a seller’s discretionary cash flow
measure, or SDCF (combination of net earnings, owner’s compensation, and non-cash charges, such as
depreciation). We then divide SDCF by the transaction price to obtain a SDCF capitalization rate (SDCF
CapRate) similar to an earnings capitalization rate which divides firm adjusted earnings by the firm’s equity
price. Since we are primarily interested in the “shape” of the relationship between size and value to validate
the extrapolation analysis from the Kroll categories, our SDCF CapRate metric is reasonable, particularly since
business valuators commonly use the SDCF multiple in their business valuations.

The graph below shows the plots of the U.S. firms, using the enterprise capitalization value for the
size dimension and the SDCF CapRate. This graph appears to clearly indicate the same non-linear negative
relationship between firm size and a capitalization rate metric in our analysis of small closely-held firms as
seen in the publicly-traded data examined earlier.

Figure 2: SDCF Cap Rate versus Firm
Enterprise Value
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We then calculated both a linear regression and a logarithm regression. For size we used the actual
transaction price/enterprise value. About 10% of the transactions provide balance sheet data for the firm.
For these firms we also calculate an equity value by subtracting long-term debt from the
enterprise/transaction price for our analysis.
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We controlled for outliers by limiting SDCF CapRates greater than 10% (or Transaction Price/SDE
multiples<10), since 97% of the calculated SDCF multiples are less than 10). This also controls for firms
reporting no cashflow, or possibly mis-entering data. We also did not include firms designated as
“development stage firms”, since a capitalization of earnings approach would generally not be appropriate
for these types of firms. Since we are interested in the size impact for small firms, we only examined U.S.
firms with capitalization less than $10million, purposely resulting in some overlap with the 10z category
of publicly-traded firms. Table 3 shows the results of our regression analysis.

Table 3: Regressions
Firm Value and SDCF Capitalization Rates
Model 1: SDCF CapRate Linear Model (Enterprise Value)

B T-statistic | Prob
Constant 0.587 49.282 <0.001
Firm Enterprise Value -0.069 -10.065 <0.001

R?=0.046; N=2092
Model 2: SDCF CapRate Logarithmic Model (Enterprise Value)

B T-statistic | Prob
Constant 0.366 30.990 <0.001
Ln(Firm Enterprise Value) -0.176 -22.819 <0.001

R?=0.211; N=2092
Model 3: SDCF CapRate Logarithmic Model (Equity Value)

B T-statistic | Prob
Constant 0.399 27.727 <0.001
Ln(Firm Equity Value) -0.095 -8.474 <0.001

R?=0.336; N=253

In each model estimated, there is a negative relationship between the SDCF CapRate and firm
enterprise value. This indicates that the smaller the enterprise value of the firm, the higher the SDCF
CapRate — an expected result. However, the key issue for this paper is that the non-linear logarithmic
models provide a better fit to the data than the linear model. This implies an increasingly larger size
premium for smaller firms. Interestingly the equity model also provides a good fit to the data.

Small Size Premium: Sellers Discretionary Cashflow Capitalization Rate. Table 3, however, only
examines the relationship between firm value and the firm’s overall SDCF CapRate, and not specifically a
size premium. In order to examine the size premium, we also need to adjust for the risk-free rate and an
equity premium. Since our data is from multiple years, with different economic conditions, we calculate a
specific SDCF CapRate size premium by subtracting the risk-free rate (we used the 20-year t-bond yield
rate average for each year in the data base) and the overall firm equity risk premium calculated by
Damodaran [3] for each year. This is similar to the build-up method of calculating the appropriate discount
rate to determine equity value.

SDCF CapRate Size Premium = SDCF Cap Rate — annual risk-free rate - equity premium

Our final analysis is to see if there is, indeed, a relationship between firm capitalization, as
measured by enterprise value, and the SDCF CapRate Size Premium. This is the analysis that is most
analogous to the regression model of publicly-traded size deciles in Table 2.

We estimated a logarithm regression model, but this time with the dependent variable the specific
SDCF CapRate Size Premium calculated for each transaction. Table 4 below shows the results of our
analysis of the SDCF CapRate Size Premium.
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Table 4: Logarithmic Model, SDCF CapRate Size Premium

B T-statistic | Prob
Constant 0.283 24.009 <0.001
Ln(Firm Enterprise Value) -0.176 -22.820 <0.001
R°=0.211, N=2,092

The results indicate a negative relationship between Enterprise Value and the SDCF CapRate Size
Premium. It should also be noted that while the R? of the transaction data is lower than the models estimated
from the Kroll data, this was expected given that the Kroll model estimates are based upon average values
of different size categories, such as deciles, while our model estimates shown in Table 4 are based upon the
data from individual firms which has much more dispersion.

As a final comparison, since we specifically selected our size data to overlap with the 10z category
of publicly traded firms we can compare similar sized firms between the 10z Kroll data and the larger,
overlapping sized firms in our data. The midpoint of the 10z category is approximately $7million of equity
capitalization. As a comparison to the 10z we therefore examine the firms that have an enterprise value
greater than $7million (which estimates equity values closer to the 10z mean). The resulting average SDCF
small firm premium in our calculations for firms greater than $7million of enterprise value is 14.21%, which
compares with an 11.43% average equity small firm premium for the Kroll 10z category of publicly-traded
firms for the same years as our data. Given the difference between our analysis using enterprise market
value versus the Kroll model based on risk-adjusted equity values, this appears to be reasonably close, again
providing additional support to our argument that the extrapolation of small-firm equity premiums from
publicly-traded firms is likely valid.

Implications of Analysis 1. Since our Analysis 1 examines the relationship between Enterprise Value and
an SDCF CapRate Size Premium it should not be used to calculate a small firm premium for the purpose
of adjusting the discount rate. That was not the purpose of our Analysis 1. The purpose of Analysis 1 is to
addresses the validity issues of extrapolation by finding that a similar metric using enterprise value and a
small firm premium associated with the capitalization rates of sellers discretionary cashflows appears to
follow the same logarithmic patterns for small, closely held firms. Analysis 1 clearly shows the validity of
using a logarithmic model, such as we calculated from the Kroll data, and extrapolate to estimate an
appropriate small firm premium when calculating the equity value of small, closely-held firms.

ANALYSIS 2: EQUITY SIZE PREMIUMS FOR SMALL CLOSELY-HELD FIRMS

As previously mentioned, approximately 10% of the transactions in our database provide a long-
term debt figure for the firm. For these firms we can estimate an equity value around the date of the
transaction by subtracting the long-term debt from the enterprise value indicated by the transaction price.
We recognize that there might be additional business obligations accounted for by short-term liabilities, but
for our analysis we only use long-term debt to calculate an equity value.

Small Size Premium: Equity Analysis. We calculate an equity value by subtracting the long-term debt of the
year closest to the sales transaction. In some cases, this resulted in a negative equity value. We excluded any
firms that resulted in a negative equity value since this might indicate firms in distress.

To calculate a discount rate/capitalization rate related to earnings we need to determine an appropriate
profit or earnings figure for each firm. As mentioned above, in any closely held company the owners have the
ability to influence reported earnings, and other elements of the financial statements by their control over
salaries, benefit programs, perks (such as cars and boats), investments (and corresponding depreciation
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charges), form of employee payment (W-2s versus 1099s), barter trades, and "sweet-heart™ deals such as "non
arms-length" transactions or transactions between related parties affecting rentals, leases, and sales to name a
few. These strategies are often used to minimize the firm’s tax liability. When there is confusion about the
appropriate earnings figures, many valuation experts will use an “inferred” or “normalized” earnings. Inferred
or normalized earnings is a process of applying an average or expected profit level (generally obtained from
industry data) to a particular business. Many buyers of small businesses often use inferred earnings to
adjust a target businesses financial statement when the business is reporting below average earnings since
buyers recognized that the reported earnings of the target firm may not be overly accurate, or the new buyers
might feel they can better manage the acquired firm to obtain at least a normal performance.

We therefore normalize each of the firm’s earnings by using industry average earnings. We use
“operating profit” as a percentage of revenues as reported by RMA’s Annual Statement Studies. Data for
the RMA Annual Statement Studies comes directly from the anonymized financial statements of small and
medium-size business clients of RMA’s member institutions, mostly lending institutions and credit
agencies. We use data reported at the 3-digit NAICS level. Since the reported operating profit can vary
somewhat from year to year in the RMA Annual Statement Studies, we average the data over the years of
the study (2016-2019, 2022-2024) for the revenue ranges contained in our data. Each industry in our study
reported a different average operating profit, although all mean operating profits were less than 10% of
revenues. We then apply these percentages to the reported revenues to obtain inferred earnings.

To calculate an earnings capitalization rate (EarningsCapRate) we then divide the calculated equity
value by the inferred or normalized earnings. Thus EarningsCapRate = (EquityValue)/(Inferred Earnings).
For this analysis we ignore tax effects and focus on operating profit, since most of these firms probably
report their financials as pass-through entities, such as S-corporations, LLCs, partnerships or sole-
proprietorships while others might be C-corporations, and we want to concentrate on earnings related to
actual business operations.

Similar to Analysis 1, we then calculate a Small Size Premium. However, in Analysis 2 we are
interested in determining a size premium related to the discount rate for an equity valuation. We therefore
also include an industry growth component, since in its most basic form a capitalization rate is equal to the
discount rate minus a growth rate. The growth rate was determined by the average revenue growth in the
three industries (Manufacturing, Wholesale, and Retail) for the years under examination using data from
IBIS World [12]. In nominal terms, this generally averaged approximately 4% to 6% for the years under
examination. We ran different models for different nominal growth rates. Thus,

DR Size Premium = Earnings Cap Rate — annual risk-free rate - equity premium + long-term growth

The following graph plots the calculated discount rate size premium against firm equity value. This
analysis appears to show a clear non-linear relationship, similar to Analysis 1. Most importantly, however,
this is similar to the non-linear characteristics of the decile data from publicly-traded firms, but now applied
to significantly smaller, and closely-held firms.

Duff & Phelps [5] calculates their premium data both as arithmetic means and as smoothed data.
Given the nature of our data, we also use both methods. For our smoothed data, we use an exponential
smoothing process (0=0.5). An 0=0.5 gives somewhat equal weight to both current and past data in the
smoothing process. Figure 3 shows the plot for the raw, non-smoothed data assuming a long-term growth
rate of 5% in the original calculation of the size premium [12]. We also show a logarithmic trend line for
illustrative purposes.

158



Figure 3: Discount Rate Size Premium versus Firm
Equity Value
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Table 5 presents the logarithmic regression models for both the raw data and the smoothed data.

Table 5: Logarithmic Model, Equity Discount Rate Size Premium
Arithmetic Mean Data B T-statistic | Prob
Constant 0.184 14.095 <0.001
Ln(Firm Equity Value) -0.071 -7.588 <0.001
R?=0.314, N=205
Smoothed Data

Constant 0.176 23.441 <0.001
Ln (Firm Equity Value) -0.061 -11.235 <0.001
R?=0.502, N=204

Table 5 indicates that a negative logarithmic relationship exists between the equity discount rate
size premium and the equity size of the company, with the smoothed data model presenting a better fit due
to the lower variation in smoothed data. These results also support an extension of the non-linear
relationship seen in the small firm premiums calculated from publicly-traded firms as discussed in Analysis
1.

For a final comparison with the size premiums often presented by publicly-trade firm deciles, we
divide our data into seven equal categories of size and compute the average equity-based size premium with
each category. As previously mentioned, we originally estimated our equity discount rates using different
nominal annual growth rates. Using a nominal average growth rate of 4%, Table 6 shows the size premiums
using both the arithmetic and smoothed data means, similar to how Duff & Phelps [12] calculated their
tables.
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Table 6: Size Premium by Category: Small Closely-Held Firms
Median Equity Smoothed

Category Range Low Range High Capitalization Premium Premium

SF1 $3,300,000  $10,000,000 $4,420,138 7.67% 7.02%
SF2 $2,000,000 $3,300,000 $2,280,578 11.48% 12.18%
SF3 $1,100,000 $2,000,000 $1,257,867 15.34% 14.59%
SF4 $550,000 $1,100,000 $652,036 20.18% 18.44%
SF5 $330,000 $550,000 $434,856 22.46%  21.62%
SF6 $200,000 $330,000 $288,337 25.53% 27.02%
SF7 $0 $200,000 $94,732 35.21%  29.18%

As mentioned earlier, we intentionally limited our sample to firms under $10million of
capitalization in order to overlap with the 10z category. The 10z category of publicly-traded firms would
generally fall with our SF1 to SF3 ranges, although most 10z publicly-traded firms would probably fall
within our SF1 category. As a comparison, if we average the small firm smoothed premiums for the SF1
to SF3 categories in our analysis, it results in an average size premium of 11.26%. Averaging the arithmetic
means results in a size premium of 11.50%. This is remarkably similar to the 11.43% average Kroll 10z
premium for the years of our data, and the 11.23% 10z premium average for years 2021 and 2022.

As a final check, the largest firm in our SF1 category is smaller than the lower limit of the 10y
category ($12.79million). As expected, the calculated mean premiums (7.67% and 7.02%) for our SF1
category are above the 6.47% average premium (2021 and 2022) for the Kroll 10y category. This provides
strong support for using Table 6 to calculate the small firm premium for firms that are smaller than the 10z
range. It also provides a more nuanced breakdown within the 10z category showing there are dramatic
differences in the firm premium even within the 10z range. As a final chart, we plot our premium categories
in a way similar to our plot of the Kroll categories. It looks almost identical, but with smaller firm
capitalizations.

Figure 4: DR Size Premium (Smoothed Means) versus Firm
Equity Value By Galbraith 7 Categories
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Implications of Analysis 2 and a Revenue Model. Analysis 2 provides the most comparable analysis with
the regularly cited decile approaches to understanding the small firm premium when calculating a discount
rate. Clearly, our analysis shows the using the 10z small firm premium underestimates the size premium
for smaller closely-held firms, and the differences become much more pronounced as firm size decreases.
Analysis 2 also provides a more detailed analysis of the size premium for firms that overlap with the 10z
category. More than anything, our Analysis 2 indicates that the firm size premiums for very small firms,
such as under $500,000 in capitalization is significantly higher than calculated from the decile categories
of publicly-traded firms.

Since we also had revenue data for our sample, we calculated a similar model using revenues as
the size variable. However, the correlation between revenues and equity values was not strong in our data.
Investigation of the data indicated that several very low revenue firms in the data had very high transaction
prices, which is counter intuitive for stable firms. Although we initially eliminated “development stage
firms” from our data, this very well could indicate the inclusion of some relatively early-stage post-revenue
and profitable firms that have very high capitalizations. We are interested in relatively stable entities in our
study. We therefore controlled for these potential outliers and eliminated any firms with low revenues
(<$500,000) that also had very high equity values (>$2million), that is, equity values > 4.0 times revenues.
After this control, we estimated a statistically significant revenue model of y=0.2518-0.044In(x), where
y=size premium and x=revenues (in $million). This model showed a reasonable fit (R* =0.204), and results
in estimates of the small firm premiums similar to the equity models described above. However, more
analysis is needed to obtain a strong revenue model.

CONCLUSIONS AND IMPLICATIONS

Most professionals who value closely-held firms use the basic build-up method for calculating their
cost of equity and discount rates. However, when it comes to analyzing the impact of size for even the
smallest of enterprises, many valuation professionals still use the 10" decile premium, or if familiar with
the newer subcategories, they might use the size premium of the more defined “10z” categories. As we
have demonstrated, even this still significantly understates the impact of size given the average size of firms
in the 10z category of publicly traded firms far exceeds the vast majority of small closely-held firms. When
valuing a small closely-held firm, simply using the 10z small firm premiums in a build-up method will
certainly result in a lower than appropriate cost of equity calculation, and thus valuation estimate
substantially higher than appropriate.

In our study we took two approaches using sales data from a proprietary transaction database,
DealStats. The first approach was to address the validity of extrapolating the small firm premium calculated
from publicly traded firms. The issue of extrapolating beyond the scope of the original data always raises
validity issues. Our first analysis (with over 2,000 transactions), using a seller’s discretionary measure of
performance and an enterprise measure of value clearly indicates that the same logarithmic relationship
between size premiums and firm capitalization continues for much smaller, closely-held firms.

Our second analysis specifically focuses on estimating an equity-based size premium for small
closely-held firms. Using a methodology of calculating inferred earnings and estimating an equity value
based on enterprise value less long-term debt, our analysis resulted in a model for determining an
appropriate small firm premium for much smaller firms than seen in publicly-traded markets. It is also
evident that this model also fits with the extrapolated results for publicly-traded firms. This provides
additional validity to using a logarithmic model in understanding the relationship between capitalization
and the size premium used in determining a discount rate. Our second analysis also resulted in a
categorization of size premiums that could be considered when determining an appropriate discount rate
for valuing small, closely-held firms.

Finally, given the nature of the single-point transaction and financial statement data used in the
present analysis, the results from our analysis of small, closely-held firms appears remarkably similar to
the firm size models obtained from the theoretically sophisticated analysis of highly detailed beta-adjusted
daily stock prices presented by the large financial data providers such as Kroll, Ibbotson, and Duff & Phelps.
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This, in itself, suggests that the issues of firm size premiums in determining the discount rates for small,
closely-held firms be taken very seriously.

As a limitation, it must be noted that while our results are convincing, we only examined the broad
manufacturing, wholesale, and retail markets. We did not examine certain other sectors, such as
professional offices, information, agriculture, and health care. While it is very likely that these industries
also exhibit a similar relationship between size and firm premiums for determining an appropriate earnings
discount rate, we did not include them in our model estimates.

REFERENCES

[1] Amel-Zadeh, A. “The Return of the Size Anomaly: Evidence from the German Stock Market.”
European Financial Management, 2011, 17(1), 145-182.

[2] Blois, K. “Vertical quasi-vertical integration.” Journal of Industrial Economics, 1972, July, 253-272.
[3] Damodaran, A. https://pages.stern.nyu.edu/~adamodar/New_Home_Page/home.htm , 2024.

[4] Dore, T., and March, T. “Economic Restrictions During the Covid-19 Pandemic and Measures of Small
Business Health”, FEDS Notes, Board of Governors of the Federal Reserve System, 2022.

[5] Duff & Phelps. Valuation Handbooks: U.S. Guide to Cost of Capital: Hoboken, NJ: John Wiley &
Sons. 2015 to 2017.

[6] Kroll, Various Risk Premium Reports. Kroll.com/en.

[7] Foerster, S., and Porter, F. “The Disappearing Size Effect: Evidence from Dual Class Shares,” Quarterly
Journal of Business and Economics, 1992, 31 (4), 80-91.

[8] Galbraith, C., and Stiles. C. “Firm profitability and relative firm power.” Strategic Management Journal,
1983, 4, 237-249.

[9] Galbraith, C., and DeNoble A. “Competitive Strategy and Flexible Manufacturing” New Dimensions in
High-Technology Venture-Based Economic Development,” Journal of Business Venturing, 1992, 7(5),
387-404.

[10] Horowith, J., Loughran, T., and Savin, N. “The Disappearing Size Effect,” Research in Economics,
2000, 54, 83-100

[11] Ibbotson, R., and Harrington, J. Stocks, Bonds, Bills and Inflation (BBBI): 2020 Summary Edition.
Duff & Phelps, 2020.

[12] IBIS World, Various Industry Reports (Wholesale Trade in the U.S., July, 2024; Retail Trade in the
U.S. July, 2024; Manufacturing in the U.S., October, 2023), https://my.ibisworld.com

[13] Khan, F., Hassan, A, and Ali, S. “Size, Leverage and Stocks Return: Evidence from Pakistan.”
International Journal of Academic Research, 2012, 4(1), 24-32.

[14] Porter, M. Interbrand Choice, Strategy, and Bilateral Market Power. Cambridge, MA: Harvard
University Press, 1976.

[15] RMA Annual Statement Studies. https://www.rmahg.org/statementstudies/?gmssopc=1

162



SKEWNESS RISK, JUMP-DIFFUSION MODELING, AND
PRICING IN CARRY TRADE

Chitsun Chen *

October 1, 2024

Abstract

This paper investigates jump risk and return characteristics of currency carry trades by em-
ploying both empirical approach and analytical method. With country-level stochastic discount
factor, a mathematical model is proposed to describe carry trade return dynamics that capture
jump risk. Carry trade returns are modeled as jump-diffusion processes where types of jumps
involve global and idiosyncratic jumps. The first four moments of the return process on ex-
change rates are derived, and the method of moments is utilized to estimate parameters. This
demonstrates that the model closely matches excess carry trade returns in the data. Empirical
findings show that carry trade returns exhibit an asymmetric leptokurtic feature. The testing
of the asset pricing model suggests that the skewness factor is a driving force to carry trade

returns.
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1 Introduction

Currency carry trade is very popular among large financial institutions and even small independent
traders. Essentially a currency carry trade involves borrowing a currency(funding currency) with a
low interest rate, and using the proceeds to finance the purchase of a currency (investment currency)
with a high interest rate. Carry trade return can be decomposed into two components: a return
from the interest rate differential paid between the currency pair and a return from exchange rate
movements in the investment currency. When a trader enters into a carry trade, the return from
interest rate differential is deterministic, but the return from exchange rate movements is stochastic.
If the investing currency appreciates, the trader will have earned interest profit along with the price
appreciation of the currency pair. If the depreciation in the investment currency outweighs interest
profit, the carry trade will generate a negative return. Although traders may take advantage of
positive interest rate spread and potential appreciation in investing currencies, carry trades do
have its own inherent risks - investing currencies are subject to abrupt and sizable depreciation and
may have periods of extraordinary volatility According to the uncovered interest rate parity(UIP),
the investment currency would depreciate by the amount of the positive interest rate differential
between the currency pair. The fact that investment currencies tend to appreciate empirically
violates the UIP, which brings about the so-called forward premium puzzle(Fama (1984)).One
may think about that the strong interest rate differential increases the demand from the larger
participants, which drives appreciation in the investment currency. The failure of UIP has made

the carry trade profitable on average for a long time.

However,there is plenty of evidence that a carry trade strategy may produce frequent small posi-
tive excess returns but have potential extremely large losses due to depreciate sharply in investment
currencies. For currency crashes,Brunnermeier and Pedersen (2009) document the features of lig-
uidity spirals. They argue that traders provide liquidity. However, when traders reach capital
constraints and close their positions, the large selling pressures can not be offset by potential buy-
ers to maintain market equilibrium. The further drop in prices exacerbates market illiquidity and
margin issues. Also, many big price changes in investment currency seem to happen in the absence

of significant news or events.

Several common risk factors to account for cross-sectional variation in carry trade excess returns
have been proposed in the literature, such as Lustig et al. (2011), Menkhoff et al. (2012), Ang
and Xing (2016)and Rafferty (2012). For instance, Lustig et al. (2011) identify a slope factor
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in exchange rates to explain the cross-sectional variation in average excess returns between high
and low interest rate currencies. They form portfolios of currencies sorted on forward discounts.
The forward discount is equivalent to the interest rate differential between a currency pair. They
show that portfolios of currencies with higher interest rates generate higher returns. A dollar risk
factor(DOL) is average excess return on all foreign currency portfolios; a slope(H M Lryx) factor is
the excess return on a portfolio for high interest rate minus low interest rate currency; and a global

foreign exchange volatility risk is an aggregate market volatility.

The currency crash risk in the carry trade may be characterized by jumps in exchange rate
movements. Lee and Wang (2017) mention that investment currencies with high negative jump
beta provide higher expected returns. However, when the market experiences negative jumps,
these currencies depreciate sharply. Chernov et al. (2013) show that on average, jumps account for
25% of total currency risk and can be as high as 40%, and also they indicate that jump risk is priced.
Carr and Wu (2007) distinguish jumps up and down in FX and also allow for time-varying jump
probabilities controlled by unobservable states. Jurek and Xu (2014) develop a model of exchange
rates based on pricing kernel dynamics driven by global and country-specific shocks. Farhi et al.
(2015) and Farhi and Gabaix (2016)propose a new of exchange rate, based on the hypothesis that

the possibility of rare but extreme disasters is an important driver of risk premia.

This paper investigates jump risk and return characteristics of currency carry trades by employ-
ing both empirical approach and analytical method. In the empirical analysis, this paper updates
some of the computations by extending the sample of Brunnermeier et al. (2008) from January,1986
to December, 2016 for ten currencies by using series of 372 monthly data. Empirical results in this
paper show (i) carry trade returns exhibit an asymmetric leptokurtic feature, which indicates the
return distribution of carry trades is negatively skewed and has a high peak as well as fat tails; (ii)
the relationship between the average 1-month carry trade return and the interest rate differential is
positive, while the relationship between the average 1-month carry trade return and FX skewness of
change in exchange rate movements is negative; (iii)sorted by interest rate differentials, long-short
carry portfolios generate positive returns and negative skewness;(iv)high interest rate differential

is a significant indicator of negative skewness of carry trade return. negative skewness.

In the analytical method, a mathematical model is proposed to describe carry trade return
dynamics that capture jump risk.Carry trade returns are modeled as jump-diffusion processes

where types of jumps involve global and idiosyncratic jumps. We derive the first four moments of
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return process on exchange rates and use the method of moments to estimate parameters, which

show the model matches excess carry trade returns in data quite well.

The rest of the paper is organized as follows. Section 2 formulates carry trade returns with
various currencies and describes the data. Empirical results present the key characteristic of carry
trade returns for ten currency pairs, the performance of long-short carry portfolios, and prediction
of carry trade returns and FX skewness. Section 3 deals with modeling and parameter estimation
of jump-diffusion carry trade dynamics, including a global jump and idiosyncratic jumps. Section
4 describes how to construct long-short trading strategies based on the third moment of return
processes on exchanges and evaluate their performance. Furthermore, we test how a global currency
skewness factor and a level factor explain portfolio returns of five long-short currency trading
strategies. Section 5 concludes. Appendix A formulates returns on three equally weighted carry
portfolios. Appendix B derives the first four moment conditions of return processes on exchange
rates. Appendix C contains an extension to a model for carry trade returns with various types of

jumps.

2 Carry Trades and Skewness Risk

2.1 Interest Rate Differential rp; — 7y,

This section discusses the link of interest rate differentials between two countries to differences in
spot and forward exchange rates. Later we’ll use this relationship for interest rate differentials to
calculate carry trade returns. In terms of exchange rates, our convention is that one unit of home
currency H is the equivalent of er/y; units of foreign currency F. Let ep/p; and f; be the spot
exchange rate and forward exchange rate at time ¢, respectively. Also, let 7z and rr; denote the

relevant interest rates in home and foreign currencies at time t, respectively.

As an illustration, a U.S. investor has made a commitment to pay one unit of foreign currency

F at time t + dt. In order to hedge the exchange rate risk, the investor may make either of the

following transactions : (i) At time ¢, the investor deposits %m units of home currency H at

interest rate rg ;. Next period, at time ¢ + dt, the investor will receive % units of home currency

H, and exchange the proceeds into a foreign currency F' at forward exchange rate f; to receive one

unit of foreign currency F. (ii) Similarly, at time ¢, the investor deposits units of

_tr 1
eF/H,t 1+7'F,tdt

foreign currency F' at interest rate rg;, It turns out that the investor will also receive one unit of

166



foreign currency F' at time ¢ + dt, the same result as the operation (i).

In fact, while the transaction (i) is a strategy of an investment in the home risk-free asset and
long currency forward, the transaction (ii) is an investment in the foreign risk-free asset. Obviously,

% m is the present value of 1 units of home currency H; on the other hand is the

e / Hit m
present value of one unit of forelgn currency F. As covered interest rate parity(CIP) holds, the no-
arbitrage condition is satisfied with a variation on the law of one price for foreign exchange markets:
equivalent assets with equal risk should offer the same price, regardless of currency denomination.

This implies,
1 IR | 1
Jo T4rgedt  epgy 1+7rpedt

Taking the log on both sides of the equation yields

Ji

€F/H,t

TEt— THt = log ( ) = log(f¢) — log (eF/HJ) (1)

where we assume dt = 1.

2.2 Relationship between Exchange Rate and Stochastic Discount Factors ep /g, =

Mpg 4
Mp

In the absence of arbitrage opportunities, the exchange rate can be expressed as the ratio of two
country-specific stochastic discount factors(SDF'). Let Mg+ and Mp; denote the SDFs at time ¢ in

the home currency H and foreign currency F', respectively. Then for each pair of time ¢ < T,

P =E|-—~X;'|=E e X
¢ MFt ! Mp, F/ETET

where Pt(H) and Pt(F) and denote prices of assets at time ¢ in the home currency H and foreign
currency(F') , and X;H) and X:(FF) denote payoffs of assets at time 71" in the home currency H and

foreign currency F', respectively. Given the fact that

€Fr/Hit X Pt(H) =P t(F)
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It follows that

M M
er/me X Ei { 1T X;(pH)} =FE; [Ml;f eF/H,TXC(FH)}

) )

E, [MH.TX(H)} _ B Mg CF/HT ()
Mpt ep/my

My T _ Mg erp/aT @)
M4 Mp, €F/H,t

2.3 Carry Trade Return with Two Currencies CT%, e Pisdi

Suppose an investor forms a carry trade portfolio that takes a short position (borrowing) in the home
currency H and a long position (lending) in a foreign currency F'. At time ¢, the investor borrows a
notional amount Py units of home currency H at an interest rate rg. The proceeds are exchanged
into the foreign currency F' at the exchange rate ep,/p; to receive Poep, g, which are deposited at

an interest rate rps. At time ¢t + dt, from the short position, the investor will owe Py(1 + rg dt)

POeF/H,t <1+T’F’tdt)
€F/H t+dt

units

units of home currency H; from the long position, the investor will receive
of home currency, where ep/p ;14 is the exchange rate at time ¢ + dt. Clearly, the gross return on
this carry trade portfolio would be

P0€F/H,t(1+TF,t)
€F/H t+dt 1 +rpedt ep/Hg

Po(L4rms)  1+rmedt epjmirar

Taking the log to obtain log gross return on carry trade portfolio,

log ( Lt regdt - Cr/mg ) = log (71 kA rFidt) + log (eF/H?t )
L+rpdt ep/mivar L+rpd CF/H t+dt
6F/H,t+dt>
CF/Ht

~ rpydt — v dt — log (

Let dt = 1. The carry trade return on the portfolio of borrowing home currency H and lending

foreign currency F' from time ¢ to t 4+ 1 is as follows.

€F/Ht+1
CTfl}ﬁ]/+L,t+1 =rpe—rae —log (/H) (3)
CF/Ht

= log ( Ji ) — log (GF/H’tH) (4)
€r/Ht €F/H
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ft
€F/H,t

perscript H of carry trade return notation CTFH 4Pty Neans that home currency H is a base

where rg; — rg is replaced with log( ) by using covered interest rate parity. Here the su-
currency; the subscript “—H/ + F' 7 represents “taking a short position in home currency H and
a long position in foreign currency F' 7. This implies that H is the funding currency, and F' is the

investing currency.

2.4 Carry Trade Return with Three Currencies CT%, S Ltdt

In the previous section, we considered carry trade portfolio containing two currencies: home cur-
rency H and a foreign currency F'. This section will extend it to the general case consisting of three
currencies: home currency H and two foreign currencies B and L. For instance, to take advantage
of the interest rate differential between two currencies, a US investor may want to borrow in a
lower interest rate currency, such as the Japanese yen, to fund investments in higher interest rate

currency, such as the Australia dollar.

Now we consider this case in more detail. Suppose at time t, an investor creates a portfolio:
borrowing foreign currency B at interest rate rp;, and lending foreign currency L at interest rate
rr+ This portfolio can be replicated by a synthetic consisting of two operations: (i) borrowing
home currency H at interest rate rp,, and lending foreign currency L at interest rate rp ;. (ii)
borrowing foreign currency B at interest rate rp;, and lending home currency H at interest rate
T+ From the expression (3), carry trade returns on the replicating synthetic are summarized as

follows.

Carry trade return on the operation (i): borrowing home currency H, and lending foreign

currency L,
e
H _ L/H t+dt
CT—H/+L,t+dt =Lt —THt — log <6L/Ht
=TLt—THt — 0€L/H i+dt (5)
— €L/H,t+dt
where we define dey /g = log (7%/1” )

Likewise, carry trade return on the operation (b): borrowing foreign currency B, and lending
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home currency H,

e
H H/B,t+dt
CT—B/+H,t+dt =THt — "Bt — log | ———
€H/Bt
=THt —TBt — 5€H/B,t+dt

=THt —TBt+ 0€B/H 1+dt (6)

€H/B,t+dt

eB/H,t+dt)
€H/B,t ’

where we define dep/p ;14 = log ( ) and dep,p 14 = log ( en /i

The addition of equation (5) and (6) results in the elimination of the home currency H term.
Thus this synthetic forms a replication for the original portfolio. We conclude that carry trade

return on the portfolio of borrowing foreign currency B and lending foreign currency L is

H
CT g pavar = ("Lt — THe — 0er mpvar) + (Te — B2+ 0€5/H it ar)
=rre— Bt — (0€r/mirar — 0€B/H 1+at)

=TLt—TBt— 0€L/Bt+dt

€L/H,t+dt €B/H t+dt
=rrs— 1Bt — |log| ———— | —log | ————
€L/Ht €B/H,t
€B/H t+dt €B/Ht
rig — g+ log [ LMY qog (BT (7)
€L/H t+dt €L/Ht

€L/H
€B/H

where we define dey p iar = Oer g irar — 9eB/mar- In fact, ep p = . The exchange rate

er,p indicates e units of foreign currency L per unit of foreign currency B.

2.5 Empirical Results
2.5.1 Description of the Data

The data set for analysis consists of daily spot exchange rates, 1-month spot and forward exchange
rates (beginning-of-month value) for ten currencies, which include Australian dollar(AUD), Cana-
dian dollar(CAD), European euro(EUR), Swiss franc(CHF), Norwegian krone(NOK), Japanese
yen(JPY), British pound(GBP), New Zealand dollar(NZD), Danish krone(DKK), and Swedish
krona(SEK).The base currency is the U.S. dollar(USD). In this study, the data sample contains
information on historical currency exchange rates from January 1, 1986 through December 30, 2022

via Thomson Reuters Datastream.
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With the introduction of the euro(EUR) on January 1, 1999, there was no time series data
available for the euro from January 1, 1986 to December 31, 1998. To overcome this problem posed
by the incomplete data, we add the exchange rates of the Deutsche mark(DEM) to the euro data
for that period from January, 1986 to December, 1998.

2.5.2 Jump Risk in Carry Trades (Cross-Sectional Variation)

Assume the home currency is the U.S. dollar(USD). As mentioned earlier, ten foreign currencies are
AUD, CAD , CHF, DKK, EUR, GBP, JPY, NOK, NZD, and SEK, respectively. A carry trade pair
is constructed by a self-financing strategy — borrowing USD and using the proceedings to investing
in one of ten foreign currencies. Namely, the U.S. dollar(USD) is the funding currency, and ten

foreign currencies are investment currencies.

The carry trade return on a portfolio of borrowing home currency H (USD)and investing in

H

foreign currency F from month ¢ and ¢ + 1, CT_H/JrFtJrl = rpe — rag — log (w

Ty ), has two

components. The first component, interest rate differential“rp; — ry;”, is a deterministic term

at the beginning of each month, while the second component, change in the foreign exchange

€F/H,t+1

rate movements “log ( or/u
ot

)”, is an unpredictable shock to exchange rates. When exchange rates
become more volatile, the second stochastic term have enough of impact to move carry trade return
around. In other words, the first term loses in relative importance and second stochastic term tends

to dominate the variation in carry trade return.

There are several interesting features in Table 1, which reports the cross-sectional carry trade
results for ten currency pairs. First, all carry trade returns for 9 currency pairs are positive, with the
exception of the negative value (—0.0004) for JPY/USD pair. Second, the interest rate differential
plays a crucial role in carry trade return. There is a striking pattern that currency pairs with
higher interest rate differentials earn higher average excess returns. Third, currency pairs with
higher excess returns tend to be more negatively skewed. Specifically, higher excess returns on
currency pairs are exposed to higher jump risk (depreciation) in investment currencies. Finally,
all ten sets of carry trade returns are leptokurtic since all empirical results of excess kurtosis in
Table 1 are positive. The asymmetric leptokurtic features indicate that the carry trade distribution
is negatively skewed, and has a high peak and fat tails. The skewness falls from -0.6747 to 0.2655
and the excess kurtosis from 0.5039 to 3.4560. The leptokurtic features of carry trade returns from

FX markets parallel well-known research evidences from stock markets : most equity index return
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series have been found to be negatively skewed and leptokurtic.

The top panel of figure 1 presents a scatterplot of the average 1-month carry trade return against
the interest rate differential between January, 1986 and December, 2022 for ten currency pairs. A
point in the figure represents the average 1-month carry trade return and the average interest rate
differential for a given currency relative to the U.S. dollar. There is a positive relationship between
the average 1-month carry trade return and the interest rate differential. The bottom panel of
figure 1 shows a negative relationship between the average 1-month interest rate differential and

FX skewness of change in exchange rate movements, which is measured as the skewness of daily

€t
€t+1

log FX exchange rate changes , log ( ), within a month.

The upper plot of figure 2 shows a negative relationship between the average 1-month carry trade
return and FX skewness of change in exchange rate movements; likewise, a negative relationship
between the average 1-month carry trade return and skewness of carry trade returns is illustrated
in the lower plot of figure 2. It is apparent that carry trades with negative skewness should be
rewarded with positive returns. In short, figure 1, figure 2 and Table 1 suggest that on average,
currencies with positive interest rate differentials tend to have positive carry trade returns but
also have negative skewness, while currencies with negative interest rate differentials tend to have
negative carry trade returns but also have positive skewness. These results confirm the findings of

Brunnermeier et al. (2008) who also show that carry trades are subject to crash risk.

2.5.3 Performance of Long-Short Carry Portfolios

As described earlier, the interest rate differentials play a key role in carry trade returns. In order to
gain a better understanding of the link between interest rate differentials and returns, we construct
three long-short carry portfolios where investment currencies are sorted on interest rate differentials
relative to the U.S. dollar. These portfolios are formed on an equally-weighted basis. The approach
to long-short portfolio construction is outlined as follows: at the beginning of each month t, carry
portfolios are built by taking long positions in currencies with the highest interest rate differentials

and short positions in currencies with the lowest interest rate differentials.

Now suppose the first carry portfolio consists of a long position in currency J with the highest
interest rate differential r;_p; and a short position in currency I with the lowest interest rate

differential r7_p; in the month ¢. The return on the first carry portfolio ,Rpi 41, in the month
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Figure 1: Top plot: Positive relationship between the average 1-month carry trade return and the
average interest rate differential. Bottom plot: Negative relationship between the average 1-month
interest rate differential and FX skewness of change in exchange rate movements, measured as the
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Table 1: Carry Trades for Ten Currency Pairs(Cross-Sectional Variation)

AUD CAD CHF DKK EUR

re— Ty 0.0024 0.0006 -0.0012 0.0007 -0.0003
ZOg(et“) 20.0002 -0.0001 -0.0019 -0.0006 -0.0007
H
CTH i 0.0026  0.0007 0.0007 0.0013  0.0004
Skewness(CT e Fie1) -0.4155 -0.4248 -0.1137 -0.2245 -0.2440
Excess Kurtosis(CT™, ., ) 15187 34560 1.0543 04939  0.5039
GBP  JPY NOK NZD  SEK
rp —rg 0.0014 -0.0019 0.0018 0.0031 0.0011
ZOg(e;—jl) 0.0004 -0.0015 0.0004 -0.0009  0.0005
H
CTH i 0.0010 -0.0004 0.0014 0.0040  0.0006
Skewness(CT H/+Ft+1) J0.6747  0.2655 -0.4505 -0.2814 -0.3177
Excess Kurt0s1s(CT H/+Ft+1) 2.3488  1.5973 0.9550 1.9715 1.2279

Note: The data include 10 currency pairs, January 1986 - December 2022. The table
presents the means over 372 months of the rrp; — g+, log ( '“) CTH CH 4R 410 skewness
and excess kurtosis. rp — ry is the interest rate differential between foreign currency F
and home currency H(the U.S. dollar). log (e’“) is the monthly change in the foreign

exchange rate movements. CT, 1 is the carry trade return of a currency pair from

—H/+Ft+
borrowing in home currency H (USD) and investing in foreign currency F'.

t + 1 may be expressed as

€J/H, €1/H,
Rpigs1 = (Ty—ms — T1—Hyt) — [ZOQ </t+1) —log (/Hlﬂ (8)
€J/Ht €1/Ht

where 7;_p; is the interest rate differential between currency J and currency H, and r7_p; is the

interest rate differential between currency I and currency H at the beginning of the month ¢.

Similarly, the second carry portfolio can be formed by taking a long position in two currencies
J,J " with the highest interest rate differentials r; g and r;_,,, as well as a short position in
two currencies 1,1 " with the lowest interest rate differentials r;_ gyt and rp_ g, in the month ¢. The

return on the second carry portfolio ,Rp2 41, in the month ¢ 4+ 1 may be expressed as

1 1 €J/H,t+1 €' H,t+1
Rpoyy1= o [(ry—me +ry_ —\rr—gttry_ — = log| —4—— ) 4+log| ———
7 [( J H,t) ( I Ht)] 2 es/H € i
1 e ey
+ = |log I/Ht+1 +log I' JHt+1
2 €1/H,t €r /Ht

In addition, the third carry portfolio can be constructed by taking a long position in three

(9)
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currencies J, J/, J" with the highest interest rate differentials vy gy, 755, and 7,05, as well
as a short position in three currencies I, /, I" with the lowest interest rate differentials 7;_ H.ts
Ty gy and v, in the month ¢. The return on the third carry portfolio,Rp3¢y1 in the month

t + 1 may be expressed as

Wl
—

(TJfH,t try gyt TJ/LH,t) - (TIfH,t try gyt TI’LH,t)}

e € 5 e ;1
log J/H t+1 +log J' JHt+1 +log J"JHt+1
€J/H €yt €' JHt
e €4 € 1
[log( I/H,t+1> +log< I/H,t+1> —|—log< I /H,t+1)1 (10)
€I/Ht €r'/Ht €1 /H

Table 2 summarizes the performance of three long-short carry portfolios. There is a monotone

Rp3 41 =

_|_

Wl W

pattern of increasing average monthly return and standard deviation. Portfolio 3 yields the lowest
mean monthly return of 0.0049 with standard deviation of 0.0257, and has negative skewness of -
0.5502. By contrast, portfolio 1 generates the highest mean monthly return of 0.0072 with standard
deviation of 0.0409, but has larger negative skewness of -1.1460. Furthermore, returns for three
carry portfolios are leptokurtic, since all of them have positive excess kurtosis. The empirical results
for long-short portfolios listed in Table 2 also confirm the prior findings that on average, carry trade
returns are positive; however, they have a high peak, fat tails and negative skewness, so they are
associated with crash risk.

Table 2: Performance of Long-Short Carry Portfolios

Portfolio 1 Portfolio 2 Portfolio 3

(Long 1, Short 1) (Long 2, Short 2) (Long 3, Short 3)
Average Monthly Return 0.0072 0.0061 0.0049
Standard Deviation 0.0409 0.0306 0.0257
Skewness —1.1460 —0.7558 —0.5502
Excess Kurtosis 3.4906 2.0292 1.7000
Annualized Sharp Ratio 0.6072 0.6962 0.6650

Note: The data include 372 months over 31 years, January 1986 - December 2022. Carry
portfolios are built by taking long positions in currencies with the highest interest rate differentials
and short positions in currencies with the lowest interest rate differentials at the beginning of
each month. Portfolios are constructed on an equally-weighted basis.
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2.5.4 Forecasting Carry Trade Returns and FX Skewness

Given our findings above, in this subsection, we use panel regressions with country fixed effects
to forecast carry trade returns and FX skewness based on lagged interest rate differentials and
past carry trade returns. Country fixed effects are included in the regression model to control for
possible unobserved heterogeneity across countries. First of all, we begin by regressing carry trade

return on lagged interest rate differential as shown in equation (11) below:

CTE{H/—',—F,t =a+B1(Trt—h — THi—h) T €& (11)

where rp;_j, — 7H¢—p is the h-month lagged interest rate differential. The first column of Table 3
reports regression that the coefficient on interest rate differential, rp¢_p — 71—, is positive and
statistically significant, indicating that high interest rate differentials predicts high carry trade

returns over the next ten months.

Next, to see whether there exists a momentum effect in carry trade returns, we include past
carry trade return as an additional observed regressor to equation (11). The primary reason for
including the lagged carry trade return is to see whether there exists a momentum effect in carry

trade returns. Specifically, this country fixed effects regression model with two regressors is

CT )y = a+ B (reen—rien) + B2CT ) oy gy + e (12)

where CT fIH J+Fi—h is the h-month lagged carry trade return. As expected from previous findings,
the second column of Table 3 indicates there is a strong relation between carry trade returns
and lagged interest rate differentials. Monthly interest rate differentials are highly significant in
explaining future carry trade returns for ten months. However, the second column shows that
the coefficients on lagged carry trade returns are small and half of them are negative. This result
suggests that past carry trade return is not an important determinant of future carry trade return.

Although research documented the existence of a momentum effect in stock returns, we find that

monthly carry trade returns for our ten currency pairs do not exhibit a momentum effect.

To forecast FX skewness based on lagged interest rate differentials, we run country fixed effects

regression model of the form:

FXskewnessy = a+ b1 (TFi—n — THt—h) + €& (13)
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where FX skewness ¢ corresponds to the skewness of daily log FX exchange rate changes in month
t. The statistically significant coefficient estimates on interest rate differential, rp;_p, — rg—p, in
the third column of Table 3 indicate that high interest rate differential is a significant indicator of

negative skewness.

The fourth regression in Table 3 includes lagged carry trade return, an additional potential

determinant of future carry trade returns, along with country fixed effects.
FXskewness ¢ = o+ B1 (Tpe—n — rHt—h) + 5QCT£{H/+F¢_h +e (14)

The estimated coefficients in the country fixed effects regression in equation (14) are negative
up to the next seven month, so higher interest rate differentials are associated with higher crash
risk, as measured by negative skewness. Moreover, the effect of lagged interest rate differentials
rri—h — THt—h on FX skewness are relatively large, and the effect of past carry trade returns
C’TFH /4 Fi—p ATe relatively small. Overall, the ability to predict future carry trade returns is
stronger for lagged interest rate differentials than for past carry trade returns: the predictive power

of lagged interest rate differential more than decuples on past carry trade return.

3 Modeling and Parameter Estimation of Jump-Diffusion Carry

Trade Dynamics

3.1 Adding Jumps to Stochastic Discount Factor Growth

Let M be a stochastic discount factor(SDF) process. Let {N;; : t > 0} be a Poisson process with
intensity A; such that the probabilities P (dN;(dt) = 1) = N\idt + o(dt), P(dN;(dt)= 0)=1— \;dt
+o(dt) and P(dN;(dt) > 2)= o(dt). For any country I, the SDF with the jump-diffusions is as

follows.
dMr

_ T AL T
ST —rpedt —nt,dB; + Z (e 1) (dN;y — Aidt) (15)

i
where the drift term 77 ; of the stochastic discount factor growth is a risk free interest rate, and the
volatility term 77?,1: is the vector of market prices of risk at time ¢ in country I. The vector 771T7t can
be also called factor risk premium while we think of the standard diffusion B; as factors. The jump
element is a compound process, where jump sizes A;I are independent and identically distributed

A

random variables. e —1 is the jump amplitude for the jumps of Poisson process dV; ;.
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Table 3: Forecating Carry Trade Returns CTFH yaon and FX Skewness

CTfHHF’t C’TfIH L F FX Skewness FX Skewness

TFi_1 — THi 1 0.94 0.88 ~19.75 —16.88
(0.15) (0.16) (4.27) (4.04)

TFi-2 — THi—2 0.95 0.94 —24.56 —22.58
(0.18) (0.19) (3.73) (3.35)

rt—3 —THt—3 1.03 0.93 —14.66 —13.17
(0.15) (0.15) (2.65) (2.53)

TFi-4 — THt 4 0.68 0.73 —20.95 ~19.66
(0.10) (0.11) (4.82) (4.83)

TFi-5 — THi—5 1.09 1.16 ~13.12 —12.55
(0.12) (0.13) (3.50) (3.46)

Trt—6 —THt—6 1.02 1.05 —13.51 —10.70
(0.18) (0.19) (4.21) (4.14)

TRi_7 — THT 1.38 1.47 —7.78 —6.29
(0.20) (0.20) (4.46) (4.33)

TrFt—8 —THt—8 1.34 1.31 —12.43 —13.08
(0.19) (0.18) (5.19) (5.16)

CT ) pi 0.04 ~1.99
(0.01) (0.21)

CTf{H/JrF,t—z 0.01 —1.36
(0.02) (0.27)

H

CT ) pi s 0.07 ~1.04
(0.02) (0.25)

CT ) s —0.04 —0.92
(0.02) (0.40)

CTEy)  pams —0.05 ~0.38
(0.17) (0.23)

H

CT ) ri s —0.01 —1.86
(0.01) (0.24)

CT ) i n —0.06 —0.97
(0.01) (0.26)

CT ) ris 0.02 0.43
(0.01) (0.28)

Note: This table reports results from country fixed effects regressions of carry trade

returns and FX skewness on lagged carry trade returns and lagged FX skewness for ten

currency pairs over the period January 1986 - December 2022. Standard errors appear

in parentheses under the estimated coefficients. Dependent variables are CT

—H/+Fpt

and FX Skewness ¢, respectively. 7ps—p — g —p and CTFHH_Ft_h are the h-month

lagged interest rate differential and the A-month lageed carry trade return, h =1, ..., 8.
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Now we only consider the effect of jump events (i.e., ignoring the diffusion components) on the
stochastic discount factor. When a jump occurs during a time interval from ¢ to t + dt, we have

dBt = 0, dt = O, dNiﬂg == 1, dt - dBt = O, dt - dNi’t = 0, dNi,t . dNiyt = dNi,t- Therefore,

Mipyar _ Mrgy+dMry 1+ dM;p 4

My My Mry
=1 —rpadt —nf, dB+ Y (2 = 1) (dN;; — Aidt)

7

=1+ (eAil — 1) — Bl

We conclude that the jump effect on M%;dt would be

My ivat AT
——— =7 16
M, (16)

3.2 Modeling Carry Trade Return with Jump-Diffusions

This section will model the carry trade return described in terms of the jump-diffusion formulations.
Suppose a U.S. trader would like to construct a self-financing portfolio involving three currencies:
home currency I and two foreign currencies B and L. At time ¢, with a notional amount of X;
units of currency I, the trader borrows X; - ep,; units of foreign currency B with maturity ¢ + dt
at interest rate rp . Recall the result of equation (2), which plays a role in what follows. The loan

amount in the foreign currency B is

Using the proceeds to exchange currency B into currency L with a spot operation at an exchange

rate e/ p ¢, the trader deposits currency L for maturity ¢ + dt¢ at interest rate rp ;.

Mry Mpy
Xy €B/It " €L/Bt = Xy Mp, : E
M
_X,. It
My 4

At time t + dt, the trader will receive payment from the deposit in currency L:

180



Then, converting currency L into currency I at an exchange rate e;/ryyqe = My ¢rat/ My p1ar yields

Mry My i tat
X; - —— - (1 + 17y dt)  ——= 17
Y M, (L4 rrdt) My gar (a7

At the same time, the trader has to pay off the principal and interest in currency B,

Similarly, converting currency B into currency I at an exchange rate e;/p 1q= MBp t+at M7t + at

gives
My

M
C LU (1 rpdt) - S (18)
Mpy

Xi
Mf,t+dt

From equations (17) and (18), the net payoff X;,4 from the carry trade portfolio of taking a
short position (borrowing) in currency B and a long position (lending) in currency L at time t + dt

can be expressed as

M, My gvar My Mp 1 at
Xivat = X — (14 rp4dt) - ’ — = (1 + rpdt) - ————
bt ! My, ( «dt) Mpivar  Mpy ( «dt) My i4at
M, [ML tdt Mp 1 a
=X;- . - (14 rpdt) — ——— - (1 + rp.dt 19
U Mypa | Mo, ( +dt) My, ( +dt) (19)

Given the result in equation (19), we obtain the realized excess carry trade return, denoted by

cor!

—B/+Lt+dt’
M, [ML t+dt MB¢ta }
crt = : (1 dt) — —=% (1 dt
—B/+L,t+dt Miiia | My, (14 7 dt) Mg, (14 rpdt)
1 { dMp dMp, }
= — (1 + : 1+7rpdt) — (1 4+ —) (1 4+ rp.dt 20
1+ d]\%If ( ML,t )( Lt ) ( MB,t ) ( Bt ) ( )

To better understand the the realized excess carry trade return, it is convenient to check the

jump element of the following expression, which is in the first part of equation (20):

1 dM7i, ¢
. 4 = 21
RS v (21)
My ¢
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By substituting equation(16) into equation(21), we find that

AL
Mpy  Mpgyar  Mpgyar Migrae  e7" AL (22)

My itar My, My, My, et

Similarly, the jump element of the following expression, which is in the second part of equation

(20),
1 ( dM B,t)
1+ Gk Mp,
can be obtained as follows.
M M
Lt Bittdt A B-AGI (23)
Mpvar  Mpy

From equations (15) and (22), it follows that

1 (1 . dML,t) B 1
1+ aMy,e ML,t N 1-— T‘Ltdt — T]}jtdBt + Zz (eAiI — 1) dNiﬂg — Zz (eAi[ — 1) Aidt

M ¢
X (1 —rpdt — ngidBt + Z (eAiL - 1) dN;; — Z (eAiL — 1) Aidt)

i

L+ rpdt +nf,dBy + Y (e — 1) Ndt + n{tm,tdt]
7

A;L

L= rpdt —f dBr — 3 (€20 — 1) Ndt | + ZZWCZNM
[

7

X

Applying It6’s Lemma to the above expression, we get

1 dM
<1 4oLt

T AT T
i T > =1+ r7dt +nt,dB, + Z (e = 1) Nidt + ] yny gt
It ’ 7

14 2
T T AL et
—rpadt —nf By — i npadt =Y (€A — 1) Ndt + ZmdNi’t
7

%

Similarly, in parallel to the derivation above, we have

1 dM
<1 L Mo,

dMr,;
1 + M. th

It

) =1+ rpedt + 0], dBy+ ) (eM - 1) Nidt + 1] nrgdt
)
T T A;B et
— vt — np,dBy — nimpadt — Y (€A — 1) Ndt + Zmdmt
7

i

Finally, using the above results and a little algebra, the realized excess carry trade return CT B/+Lt+dt
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can be written as

1 dM dM
I Lt Bt
CT—B/+L,t+dt W [(1 T My, > (1+rpqdt) — ( Mp, ) (1+ 7"B,tﬁlt)}

= Z (2 = 1) = (M —1)| Nidt +nf, (np.e — nes) dt + (b, — i) dBy

+ Z (A=A — 1) — (e2B-2d —1)] ANy (24)

In addition, the expected carry trade return F (C’T ) can be obtained by taking

B/+L,t+dt

expression in equation (24),

E (CT£3/+L,t+dt) = Z [(eAiB — 1) — (eAiL — 1)} Aidt + 771T,t (Bt — ML) dt

i

EST(AEAT 1) - (AP 1)) vt

i

= [<€A¢B _ eAiL) + e~ Al (6AiL _ eAiB):| Nidt + n}jt (77B,t . 77L,t) dt
— (1 _ e—AJ) (eAiB o eAiL) )\Zdt + n?t (nB,t . 77L7t) dt

=3 [(eMT —1) (M B AT — eAETAD) Ndt + T, gy — npa)dt (25)

3.3 The Four Moment Conditions of "/”

/1t

The objective of this subsection is, first, to model the exchange rate dynamics with jump-diffusion

processes. Second, we will present the first four moments of the returns processes of exchange

dey/ Itt, which may be appropriate for the description of statistical properties of

rates, denoted by —
exchange rate movements. To begin with, we introduced the relationship between exchange rate
and stochastic discount factors (SDFs) in Subsection 2.2. Let M and Mj; denote the SDFs at
time ¢ in the home currency I and the foreign currency J, respectively. Then the exchange rate
ej/1¢ can be expressed as ej/r; = %—iz Furthermore, from equation (15), the SDF growths in

country I and country J would be

dMr
My

= —rpedt — ] dBy+ Y (eAu — 1) (dNi¢ — Nidt)

7
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dM
My,

)

= —ryedt — 07, dB+ Y (€27 = 1) (dNiy — Nidt)

7

If we assume that the dynamics of exchange rate e 7/; ; is in a jump-diffusion nature, its stochastic

differential equation governing the evolution in this model is given by

deyry 4 (%{]i)

€J/It %ﬂi
= (roe —rra)dt+ 0%, (g —nra) dt+ (03, —nfy) dBi+ Y (€2 — ) Nt
%
+ > (AR 1) AN, (26)
i

where N;; is a standard Poisson processes which models the number of jumps, and the intensity
A; is the average number of jumps per unit time. The primary reason for introducing a jump

component to a pure diffusion is to capture rare or extreme events in exchange rate fluctuation.

dej/r

In Appendix 5, we derive the first four moments of returns processes of exchange rates e

are as follows.

B (2225 = [y o ]+ (657 - 30) (27 ) v )

€
Lt -

2
E, Kde"/ “) ] = (nf =nf) (s =iyt + 37 (A=A 1) nat (28)

e
J/1t ;

-
E, (de"“’t> = 37 (XA 1) nde (29)

€J/1t

.
E, (dej/ ! ’t) = 37 (A 1) nat (30)

€J/1t

Note that the drift terms of returns processes of exchange rates have disappeared in the third and
fourth moments in equations (29) and (30). This suggests that jumps determine the third and
fourth moments of the distribution. Larger values of the intensity A; result in a large number of

jumps, and lead to an increase in the third and fourth moments.
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dej/r

3.3.1 Estimating Parameters of Returns Processes e

For the sake of simplicity, let us assume that there are three types of jumps: a global jump G and
two idiosyncratic jumps for country I and country J, respectively. When a global jump occurs, the
arrival of jumps is coincident across countries; however, the size of the jump across countries may
vary. The idiosyncratic jump from country I has no influence on country J, and vice versa. From
equation (24), the carry trade return of borrowing the home currency I and investing in a foreign

currency J over a time interval [t,¢ + dt]can be written

CT! )y ypvar = 9 [(e¥7 = 1) = (e = 1)| Nidt +nf, (nra — ma) dt + (0] — ) dBy

+> (A A 1) dNy,  i=G I (31)

Given three types of jumps, i = {G, I, J}, the first four moments of returns processes of exchange

rates, equation (27) - equation (30), become

5 (f;/j{j) = [l — ) 0 g — )]+ A (567 — €37) (=307 1)) s

+ Ay (1=et) (e —1) at (32)

2
()] - - a5

+as (e — 1) dt (33)

d d
E, (:J‘;/]f:) _ [AG Gt 1)3 + A (B! - 1)3 +Ap (e - 1)3} dt  (34)

d 4
8 ()] = Poesssor (0 ) s

To calibrate the Jump-diffusion carry trade return model with three types of jumps, we use
the method of moments to estimate the model parameters. From the four moment conditions in
equations (32) - (35), the parameters to be estimated are 17,77, Ag,A\1,A7,Acql,AqJ,Arland A J.
The subscript notation of these parameters indicates different jump sources. For example, Agl

represents the jump size of country I involved with a global jump G, whereas A;l would in turn
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represent the jump size of country I arising from a idiosyncratic jump 1.

We formulate the objective function as the sum of the squared differences between the four

moment conditions by the model and those calculated from the data.

f=FfnnmnAe, A g, Acl, AqJ, Arl, AyJ)

= w1 X

“(
(
“(
d

=+ wo X

+ wg X

=+ wy X

where we assume w; = 1 and let

Wy X

ws X

wy X

o
o
o

Note that we have included weights for the the squared differences in

dej/rs
€J/It

dej/rs
€J/It

dej/re
€J/It

2 12
) data |
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data |

4 12

data |

dej/rg
€J/1t

deJ/I,t
€J/1t

dejry
€J/It

dejry
€J/It
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2
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model
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)

model

4
)

model

dejry

€J/It

dejrs
CF/Ht

) data
> datal

dejr
€F/H,t

2
deJ/I,t)
eJ/Ivt data
) 2
deJ/],t)
6]/[715 data
3 2
deJ/I,t)
eJ/Ivt data
4 2
dejrt
BJ/Lt data
- 12
2 E (‘Z’/ /II :)
_ L data-
, Wy = — S D (37)
data E (deJ/I t)
L €1/1t / datal
de 12
: B ()
) w3 = — gata: D)
dej/rt
E ( Cj/It ) g
L ata
de 12
2 E ( J/I t)
L €J/1t ) data
) Wy = — 4 12
de
E ( J/I t)
L €J/1t / datal

moment conditions. These

do not affect estimates of parameters and they have the advantage of reducing unstable issues in

the optimization process. The parameters are estimated as the solution by solving the following

nonlinear optimization problem, which minimizes the square of the difference between the moment
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conditions from the model and the moments from the data.

minimize  f (nr,n7, g, A1, A\s, Agl, AgJ, A1, AJ)
NNTHAG
AL A5 AgT
AT A LA, T

(38)
subject to nr,ny >0

A, A, A >0

where the nonlinear optimization problem is constrained with positive values for market price of
risk  and the jump intensity .

Table 4 reports estimates of the parameters for return processes of jump-diffusion exchange
rates along with CT(carry trade) return and FX skewness. The base currency is the USD; the
funding currency I is also USD, and the investing currency J is AUD, CAD, JPY, NZD, NOK,
CHF, GBP, EUR, SEK, and DKK respectively. The last two columns of the table 4 give the carry
trade return and FX skewness, which are obtained by substituting those estimated parameters into
equation (31) and equation (26). The results were desirable as they successfully demonstrated that
positive carry trade returns are associated with negative FX skewness. JPY is the only investing

currency that earned negative excess return associated with positive FX skewness.

. . d d
3.3.2 Estimating Parameters for the Returns Processes of % %

Now consider the case that the base currency I is USD; the funding currency B is also JPY, and the
investing currency L is AUD, CAD, NZD, NOK, CHF, GBP, EUR, SEK, and DKK respectively.
With four types of jumps: a global jump G and three idiosyncratic jumps for country I, B and L,
the carry trade return of borrowing currency B and investing in currency L over a time interval

[t,t +dt] is

CTiB/JrL,tert = Z [(eAiB - 1) - (CAiL - 1)} Aidt + "7?,75 (Bt — nrt) dt + (Ug,t - 771:'5,1:) dBy

+ 37 [(eAEmAd — 1) — (eABEAT )| dNy,  i=G.1,B,L (39)
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Table 4: Parameter Estimates for the Returns Processes of Exchange Rate: 9 parameters
(Funding Currency: I = USD; Base Currency: USD)

Investing Price of Risk Jump Intensity Jump Size CT FX
Currency nr nJ pYel A1 AJ Aql AgJ Arl AgJ Return  Skewness
AUD 0.1367 0.1659 0.2439 0.0530 0.0788 0.6800 0.5088 -0.3228 0.0711  0.0310  -0.1738
CAD 0.1303 0.1417 0.1298 0.0573 0.1054 0.5606 0.4255 -0.1328 0.1328  0.0089  -0.1589
JPY 0.0646 0.1291 0.0392 0.0148 0.1095 0.6072 0.3623 -0.1162 0.2608 -0.0052 0.0392
NZD 0.1784 0.2028 0.3731 0.0439 0.0467 0.7266 0.5783 -0.3814 0.0641  0.0483  -0.1612
NOK 0.1045 0.1371 0.1620 0.0774 0.1015 0.5879 0.3996 -0.2466 0.0788 0.0168 -0.1757
CHF 0.0979 0.1411 0.0848 0.1125 0.1055 0.5914 0.3832 -0.2653 0.1219  0.0081  -0.0831
GBP 0.0811 0.1170 0.1336 0.0737 0.1000 0.5610 0.3708 -0.2238 0.0738 0.0124  -0.2697
EUR 0.0672 0.1153 0.0554 0.1200 0.1151 0.5984 0.3634 -0.2064 0.1288 0.0049 -0.1078
SEK 0.0571 0.1097 0.0679 0.1231 0.1122 0.5753 0.3249 -0.1920 0.1169  0.0073  -0.1568
DKK 0.0844 0.1228 0.1636 0.0756 0.0996 0.5766 0.4069 -0.2633 0.0729  0.0155  -0.1088

Note: The table reports estimates of 9 parameters for the returns processes of exchange rates. The base currency
is the USD; the funding currency I is also USD, and the investing currency J is AUD, CAD, JPY, NZD, NOK,
CHF, GBP, EUR, SEK, and DKK respectively.The estimated parameters,n;,ns,Ag,Ar,A75,Aql,AqJ, A1l and
AjJ, are obtained by minimizing the squared differences between the four moment conditions by the model

and those calculated from the data. CT Return stands for Carry Trade Return per annum, and CT Skewness

for Skewness of Exchange Rate Movements.

de
The first four moments of returns processes of exchange rates #/I” become
ot

A (deB/u> = [ — 1) + 0 s — )] dit 4 2 (€67 — 567 (&35 1)) a

€B/It
+ A (1 - eABB) (e_ABB - 1) dt

(40)

2
Ey (deB/I’t) = (Ug - 77?) (np —nr)dt + A (GAGI_AGB - 1)2 dt + A1 (GA’] - 1)2 dt

€B/It

+ A (67ABB — 1)2dt

d 3
E, €B/It _
| €B/It ]

d ]
E, €B/It _
i €B/It ]

[AG (ede=26B _ 1) 4 x; (AT —1)" 4 ap (7208 — 1)3} dt

[)\G (eAGI_AGB — 1)4 + Ar (eAI] — 1)4 + A7 (e_ABB — 1)4} dt
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dep 1t

Similarly, the first four moments of returns processes of exchange rates oL/t

are

() = s v = g (307 = 308 (720 )]

+ A (1= eBek) (el — 1) at (44)

Eq
CL/It

2
<d€L/Ivt> ] = (nf =) (e = i)t + A (217808 = 1) de - Ap (A1 = 1) at

+ A (e7Bk - 1)2 dt (45)

d d
6 [(25)) < e ses (i e e

d ]
E, <;L//Ilj) = [)\G (eAGI*AGL - 1)4 +Ar (GAII - 1)4 + Az (efALL - 1)4} dt (47)

From the four moment conditions in equations (40) - (47), the 13 parameters to be estimated
are N7,Me,NL,AGALABALAGLAGB,AqgL,Arl,ApB,and,A; L. We estimate these 13 parameters
by solving the following nonlinear optimization problem, which minimizes the squared deviation of

8 moment conditions(equations (40)- (47)) from the moments calculated by the data.
de ‘ de i
ABALAGLAGE =1 €B/1t / model €B/1t ) gata

AL A TLARBALL
4 J J
dep/rs dep iy
+ E w;j x ||E (/7 _ g 5L/t
j=1 CL/Lt model CL/Lt data

subject to nr,ne,nL >0

2

4
minimize g w; X
77[77]]3777[/7>\G7)\I

AGa)‘IaABuAL >0

where weights w; and w; are similar to those in the expression (36). The 13 estimated Parameters

dep/1,t and dep 1.t
€B/I,t CL/I,t

for the Returns Processes of

are listed in Table 5. By substituting the estimated
parameters into equations (39) - (47), we obtain the reconstructed carry trade returns and moments
and compare to their values computed from the data, as shown in Table 6. We find that the model

matches the four moments and carry trade returns in data quite well.
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. d d
Table 5: Parameter Estimates for the Returns Processes of % d %

(Funding Currency: B = JPY; Base Currency: I = USD)

13 parameters

Price of Risk Jump Intensity Jump Size

NI nB L A1 AB AL Aa Al AgB AL Agl AgB Ac¢L
AUD 0410 0.468 0.395 0.020 0.003 0.175 0.539 -0.466 0.510 -0.001 0.354 0.250 0.222
CAD 0422 0.431 0.400 0.116 0.001 0.132 0.591 0.138 -0.573 0.141 -0.053 0.086 -0.048
NZD 1.056 1.068 1.017 0.494 0.008 0.185 0.029 -0.148 0.339 0.001 0.495 0.217 0.185
NOK 0.391 0.430 0.384 0.026 0.023 0.164 0.437 -0.384 0.339 -0.004 0.265 0.146 0.127
CHF 0.366 0.412 0.377 0.033 0.001 0.097 0.567 -0.417 0.495 0.142 0.224 0.118 0.110
GBP 0416 0.431 0.395 0.018 0.071 0.200 0.388 -0.395 0.262 0.001 0.130 0.002 -0.007
EUR 0.369 0.411 0.391 0.035 0.007 0.183 0.504 -0.365 0.473 0.004 0.236 0.123 0.115
SEK 0.276 0.327 0.301 0.040 0.010 0.199 0.294 -0.339 0.423 0.003 0.299 0.166 0.134
DKK 0.405 0.431 0.385 0.153 0.018 0.184 0.151 -0.210 0.362 0.009 0.243 0.070  0.066

Note: The table reports estimates of 13 parameters for the returns processes of exchange rates ep/r¢
and er/r;. The base currency is the USD; the funding currency B is JPY, and the investing
currency L is AUD,CAD,NZD,NOK,CHF,GBP,EFUR,SEK ,and DKK respectively. The estimated
parameters,n; N, NL,A1,AB,AL,AG, A1, AgB,AL L Aqgl,AcB,AgL,are obtained by minimizing the squared
differences between the four moment conditions by the model and those calculated from the data.

4 Trading Strategies and Asset Pricing Tests

4.1 Trading Strategies

In subsection 2.5.3, we demonstrated the performance of long-short carry portfolios, which were
built by taking long positions in currencies with the highest interest rate differentials and short
positions in currencies with the lowest interest rate differentials. Carry trade returns can be char-
acterized by skewness, which arises from sudden but large movements in exchange rates. Now, to
exhibit the skewness effect on the carry trade return, we’ll construct long-short trading strategies

based on the third moment of returns on exchange rates.

dej/rs

Recall that for currency I and J, the jump effect on exchange rate return, TR

over a period

of length dt is given by
de
Tt _ A=A
€J/It

- d
and the third moment of %7
J/I,t

B (de‘z/l,t)3 ¥ (eAiI_AiJ B 1)3 Nt

€J/I,t i
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Table 6: Reconstructed Moments and Carry Trade Returns

Moments(Funding Currency:JPY) Moments(Investing Currencies) CT
1st 2nd 3rd 4th 1st 2nd 3rd 4th Return

JPY/AUD:data -0.01148  0.01313 -0.00051 0.00054  0.00415 0.01377 0.00045 0.00061 0.03628
JPY/AUD:recon. -0.01148 0.01313 -0.00051 0.00054 0.00415 0.01377 0.00045 0.00061 0.03573

JPY/CAD:data -0.01148 0.01313 -0.00051 0.00054  0.00112  0.00536  0.00008  0.00010 0.01407
JPY/CAD:recon. -0.01051 0.00938 -0.00056 0.00047 0.00114 0.00588  0.00008 0.00010 0.01343

JPY/CHF:data -0.01148  0.01313 -0.00051 0.00054 -0.01613 0.01391 -0.00053 0.00059 0.01332
JPY/CHF:recon. -0.01148 0.01313 -0.00051 0.00054 -0.01613 0.01391 -0.00053 0.00059 0.01342

JPY /DKK:data -0.01148 0.01313 -0.00051 0.00054 -0.00206 0.01161  0.00006  0.00041 0.02069
JPY/DKK:recon. -0.01148 0.01313 -0.00051 0.00054 -0.00206 0.01161 0.00006  0.00041 0.01876

JPY/EUR:data -0.01148 0.01313 -0.00051 0.00054 -0.00264 0.01205 0.00005 0.00044 0.00988
JPY/EUR:recon. -0.01148 0.01313 -0.00051 0.00054 -0.00264 0.01313 0.00005 0.00044 0.00823

JPY/GBP:data -0.01148  0.01313 -0.00051 0.00054  0.00968  0.01062 0.00060 0.00038 0.01758
JPY/GBP:recon. -0.01148 0.01313 -0.00051 0.00054 0.00968 0.01062 0.00060 0.00038 0.01505

JPY/NOK:data -0.01148 0.01313 -0.00051 0.00054  0.00963 0.01230 0.00059  0.00048 0.02196
JPY/NOK:recon. -0.01148 0.01313 -0.00051 0.00054 0.00963 0.01230  0.00059  0.00048 0.02041

JPY /NZD:data -0.01148  0.01313 -0.00051 0.00054 -0.00393 0.01472 0.00011  0.00069 0.05351
JPY/NZD:recon. -0.01148 0.01313 -0.00051 0.00054 -0.00393 0.01472 0.00011 0.00069 0.05366

JPY /SEK:data -0.01148 0.01313 -0.00051 0.00054 0.01309 0.01338 0.00076  0.00058 0.01245
JPY/SEK:recon.  -0.01148 0.01313 -0.00051 0.00054 0.01309 0.01338 0.00076 0.00058 0.01011

Note: The table reports the reconstructed moments and carry trade returns that are obtained by substituting
the estimated parameters from Table 5 into equations (39) - (47), which are then compared to to their values
computed from the data. “ recon.” stands for reconstructed. CT Return stands for Carry Trade Return.
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In addition, the expected carry trade return, £ (C’T ! , of taking a long position in currency

B/+L,t+dt)

L financed by a short position in currency B can be rewritten,

E (CTiB/_y_L,H_dt) _ Z [(eAiI o 1) (eAiB—Ai] _ eAiL—AiI)} N;dt + n;:t (77B,t o 77L,t) dt

_ Z <6Ai1 . 1) [(eA,-B—AiI . 1) _ (eAiL—AiI _ 1)} Nidt + 7]}:1& (WB,t - 77L,t) dt

The above expression shows that a large (eAiB_AiI — 1) and small (eAiL—Ail — 1) may lead to a
higher return, implying that we should take a short position in currency B with small third moment

and a long position in currency L with large third moment of returns on exchange rates.

The long-short trading strategies are constructed as follows. At each month, ten currencies are
sorted on the basis of the mean third moment of returns on exchange rates over a T-month rolling
window. Then these sorted currencies, B1, B2, B3, B4, B5, L5, L4, L3, L2, L1, are allocated into
five trading strategies (portfolios). The first strategy consists of a short position in currency Bl
with the smallest third moment of returns on exchange rates, and a long position in currency L1
with the largest third moment of returns on exchange rates. The second strategy is constructed
by a short position in currency B2 with the second smallest third moment, and a long position in
currency L2 with the second largest third moment of returns on exchange rates, and so on up to

the fifth strategy, which takes a short position in currency B5 and a long position in currency L5.

Table 7 reports the performance of five long-short currency trading strategies. Figure 3 plots
1-month portfolio returns for five long-short strategies with various rolling windows. Comparing
the 1-month returns of five long-short trading strategies, the first strategy which borrows currency
B1 and lends currency L1 consistently yields higher returns than other strategies, regardless of
rolling window selection. Namely, the trading strategy that borrows currency with the largest third
moment of return on exchange rate and lends currency with the smallest third moment outperforms
other strategies. on the other hand, the patterns in 1-month returns are not pronounced for the

third, fourth and fifth strategies.

Table 8 reports the frequency of currencies which are selected as B1 and L1 for the first long-
short trading strategy with various rolling window. As is seen in the top panel, the high-frequency
selection for a short position includes currencies such as JPY and CHF. In the bottom panel, the
high-frequency selection for a long position includes NZD, AUD and SEK. From Table 1, JPY and
CHF had low interest rate differentials relative to the U.S. dollar of —0.0019 and —0.0012, and NZD
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Table 7: Performance of Five Long-Short Currency Trading Strategies

Rolling Window 1 year 2 years
Strategies Return  Standard Dev. Skewness  Return  Standard Dev. Skewness
Strategy 1 (-B1/+L1) 0.0033 0.0379 —0.2501 0.0045 0.0362 —0.2185
Strategy 2 (-B2/+L2) —0.0005 0.0341 —0.0340 0.0037 0.0348 —0.2117
Strategy 3 (-B3/+L3) —0.0006 0.0478 —8.1606 0.0019 0.0301 0.0577
Strategy 4 (-B4/+L4) —0.0018 0.0310 —0.5832 0.0022 0.0476 8.0313
Strategy 5 (-B5/+L5) —0.0001 0.0255 —0.1479 0.0016 0.0247 0.2576
Rolling Window 3 years 4 years
Strategies Return Standard Dev. Skewness Return Standard Dev. Skewness
Strategy 1 (-B1/+L1) 0.0041 0.0361 —0.3704 0.0052 0.0355 —0.2387
Strategy 2 (-B2/+L2) 0.0021 0.0353 —0.0898 0.0010 0.0531 6.3308
Strategy 3 (-B3/+L3) 0.0005 0.0296 —0.3915 0.0018 0.0257 —0.1154
Strategy 4 (-B4/+L4) 0.0032 0.0481 9.5746 —0.0007 0.0297 —0.1769
Strategy 5 (-B5/+L5) —0.0016 0.0245 —0.7591 0.0014 0.0258 0.0358
Rolling Window 5 years 6 years
Strategies Return Standard Dev. Skewness Return Standard Dev. Skewness
Strategy 1 (-B1/+L1) 0.0073 0.0360 —0.1436 0.0061 0.0379 —0.4322
Strategy 2 (-B2/+L2) 0.0019 0.0525 6.9131 0.0026 0.0355 —0.5309
Strategy 3 (-B3/+L3) 0.0013 0.0297 —0.1564 —0.0016 0.0294 —0.2969
Strategy 4 (-B4/+1L4) —0.0022 0.0296 —0.9370 —0.0003 0.0497 8.8605
Strategy 5 (-B5/+L5) 0.0016 0.0244 0.8442 0.0014 0.0197 1.6221
Rolling Window 7 years 8 years
Strategies Return Standard Dev. Skewness Return Standard Dev. Skewness
Strategy 1 (-B1/+L1) 0.0066 0.0366 —0.4290 0.0053 0.0370 —0.4523
Strategy 2 (-B2/+L2) 0.0023 0.0354 —0.3898 0.0036 0.0338 —0.8724
Strategy 3 (-B3/+L3) 0.0000 0.0306 —0.3465 0.0004 0.0278 —0.3563
Strategy 4 (-B4/+1L4) —0.0002 0.0284 0.2759 0.0008 0.0301 0.1902
Strategy 5 (-B5/+L5) 0.0013 0.0442 12.7079 0.0025 0.0440 13.3472
Rolling Window 9 years 10 years
Strategies Return  Standard Dev. Skewness  Return  Standard Dev. Skewness
Strategy 1 (-B1/+L1) 0.0061 0.0385 —0.4337 0.0057 0.0375 —0.7797
Strategy 2 (-B2/+L2) 0.0049 0.0303 —6.9131 0.0034 0.0336 —0.8747
Strategy 3 (-B3/+L3) —0.0003 0.0269 —0.5280 0.0004 0.0282 —0.0463
Strategy 4 (-B4/+L4) 0.0016 0.0308 0.4800 0.0008 0.0287 —0.4776
Strategy 5 (-B5/+L5) 0.0007 0.0452 12.9881 0.0027 0.0466 12.2800

Note: The table reports the performance of five long-short trading strategies. Ten currencies are
sorted monthly into five trading strategies based on the mean third moment of returns on exchange
rates over a specific rolling window. Strategy 1(-B1/+L1) indicates the first strategy taking a short
position in currency B with the smallest third moment of returns on exchange rates, and a long
position in currency L with the largest third moment of returns on exchange rates, and so on up to
Strategy 5(-B5/+L5). Long-short strategies are constructed assuming a holding period of 1 month.
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and AUD had high interest rate differentials of 0.0031 and 0.0024. Moreover, from Table 2 ,the
first carry portfolio that borrows in a currency with the lowest interest rate differential and lends
a currency with the highest interest rate differential generates the highest mean monthly return of
0.0072. Consistent with our prior results in Table 1 and 2, the results in Table 7 and 8 also provide
evidence that currencies with smaller third moment of returns on exchange rates tend to have low
interest rate differentials, while currencies with larger third moment of returns on exchange rates

tend to have high interest rate differentials.

Table 8: Frequencies of Currencies Selected as B1 and L1 for The First Long-Short Strategy

Currencies Selected as B1 (Short Position)

Rolling Window

Currncies 1 year 2 years 3years 4 years b5 years 6 years 7 years 8years 9 years 10 years

AUD 19 14 12 5 2 0 0 0 0 0
CAD 43 54 46 28 26 7 3 6 8 13
JPY 96 108 111 126 153 89 201 206 210 202
NZD 24 12 4 4 4 2 2 4 0 0
NOK 32 25 8 11 3 7 12 12 11 0
CHF 64 79 94 99 76 66 59 47 36 35
GBP 28 17 20 12 15 13 3 0 0 0
EUR 1 0 0 0 0 0 0 0 0 0
SEK 47 38 42 36 34 17 9 2 0 3
DKK 7 2 0 4 0 0 0 0 0 0

Currencies Selected as L1(Long Position)

Rolling Window

Currncies 1 year 2 years 3years 4 years b5 years 6 years 7 years 8years 9 years 10 years

AUD 53 42 53 67 69 60 63 89 82 73
CAD 28 17 12 3 0 0 0 0 0 0
JPY 53 39 26 16 17 15 5 1 0 0
NZD 74 117 104 100 97 11 117 102 99 96
NOK 16 17 29 15 12 8 0 0 0 0
CHF 26 24 34 34 34 24 12 0 0 0
GBP 28 25 10 10 11 13 14 6 3 2
EUR 24 28 21 26 12 5 3 0 0 0
SEK 44 28 34 44 53 65 74 79 81 82
DKK 15 12 14 10 8 0 1 0 0 0

Note: The table reports the frequency of currencies which are selected as B1 and L1 for the first long-
short trading strategy with various rolling window. At each month, ten currencies are sorted on the basis
of the third moment of returns on exchange rates. Currency B1 has the smallest third moment of , while
currency L1 has the largest third moment. Data: January 1986 - December 2022.
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